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Abstract

How canmoleculescompute?In hisearlystudiesof reversiblecomputation,Bennettimaginedan
enzymaticTuringMachinewhichmodi�ed ahetero-polymer(suchasDNA) to performcomputa-
tion with asymptoticallylow energy expenditures.Adleman's recentexperimentaldemonstration
of a DNA computation,usinganentirelydifferentapproach,hasled to a wealthof ideasfor how
to build DNA-basedcomputersin the laboratory, whoseenergy ef�ciency, informationdensity,
andparallelismmay have potentialto surpassconventionalelectroniccomputersfor somepur-
poses.In this thesis,I examineonemechanismusedin all designsfor DNA-basedcomputer–
theself-assemblyof DNA by hybridizationandformationof thedoublehelix – andshow thatthis
mechanismalonein theorycanperformuniversalcomputation.To do so,I borrow animportant
resultin themathematicaltheoryof tiling: Wangshowedhow jigsaw-shapedtilescanbedesigned
to simulatethe operationof any Turing Machine. I proposeconstructingmolecularWangtiles
usingthe branchedDNA constructionsof Seeman,therebyproducingself-assembledandalgo-
rithmically patternedtwo-dimensionallatticesof DNA. Simulationsof plausibleself-assembly
kineticssuggestthat low error ratescanbeobtainednearthe melting temperatureof the lattice;
undertheseconditions,self-assemblyis performingreversiblecomputationwith asymptotically
low energy expenditures.Thusencouraged,I have begun an experimentalinvestigationof al-
gorithmicself-assembly. A competitionexperimentsuggeststhat an individual logical stepcan
proceedcorrectlyby self-assembly, while acompanionexperimentdemonstratesthatunpatterned
two dimensionallatticesof DNA will self-assembleandcanbe visualized. We have reasonto
hope,therefore,that this experimentalsystemwill prove fruitful for investigatingissuesin the
physicsof computationby self-assembly. It mayalsoleadto interestingnew materials.
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Chapter 1 Contributions

1.1 Intr oduction to DNA-BasedComputation

How canmoleculesbeusedto compute?Theground-breakingwork of Adleman(1994)showed,
in analogywith in vitro selectiontechniquesin combinatorialchemistry, how DNA sequences
canencodemathematicalinformationandhow simplesequencesof standardmolecularbiology
experimentscanbeusedto isolatetheDNA whichencodestheanswerto adif�cult mathematical
problem.I review this work, andits extensionsby Lipton (1995). I placea complexity-theoretic
limit on what mathematicalinformationcanbe isolatedby � stepsof af�nity separationalone
andby � stepsof af�nity separationin combinationwith PCRampli�cation. This emphasizes
the contribution of Bonehet al. (1996a),who show a techniquethat usesaf�nity separationin
combinationwith ligationto overcomethelimit.

Hagiyaet al. (in press)proposeda novel experimentaltechniquewhich promisesto simplify
the selectionprocessfor DNA-basecomputation.In their technique,a singlechemicalreaction
basedonPCRcanperformasequenceof logicaloperationsautonomously. I presentanew analysis
of thecomputationalpowerof thistechnique,highlightingtheroleof thecombinatorialgeneration
of structuredsetsof DNA strands.I show how to solve the FormulaSatis�ability, Independent
Set,andHamiltonianPathproblemsusingthis technique,andI proposea novel extensionof the
techniqueto solve theCircuit Satis�ability problem.

1.2 Modelsof Computation by Self-Assembly

SinceAdleman's originalpaper, every proposalfor DNA-basedcomputationhasmadeuseof the
sequence-speci�chybridizationof Watson-Crickcomplementaryoligonucleotides.Mostapplica-
tionshave beenvery straightforward, andthe themostsophisticateduseof this self-assemblyis
still Adleman's original techniquefor creatingduplex DNA representingpathsthrougha graph.
However, muchmoreelaborateDNA constructsarepossible,asepitomizedby Seeman's exten-
siveexperimentalresearchin DNA nanoconstructions:in additiontoduplex DNA, hairpins,� -arm
junctions,anddouble-crossover moleculesareall possible.Usingthisexpandedvocabulary, what
computationscanbe donewith self-assemblyalone? To answerthis question,I usethe frame-
work of formal languagetheoryto develop a modelof DNA self-assemblyin which suchques-
tions canbe rigorouslyanswered.The surprisingresult is that in the two-dimensionalcasethe
self-assemblymodelis Turing-universal,andthatnaturalrestrictionsof themodelreproducethe
Chomsky Hierarchyof languagefamilies.Theserestrictionsrelateto thetypesof DNA building-
blocksused,andtheform of their arrangementinto largerstructures:theself-assemblyof linear
duplex DNA into linearpolymersproducesregularlanguages;theself-assemblyof duplexes,hair-
pinsand3-armjunctionsinto dendrimersproducescontext-freelanguages;andtheself-assembly
of double-crossover moleculesinto two-dimensionallatticesachievesTuring-universality, produc-
ing recursively enumerablelanguages.

Tomakeanalysispossible,thetheoreticalmodelshadto makeseveralsimplifyingassumptions
thatwould not strictly hold in therealworld. How severeis this inaccuracy, andis it plausibleto
designDNA moleculeswhoserealbehavior mimicsthatof themodel?Thethermodynamicsand
kineticsof DNA hybridizationhave beenextensively studied,providing a solid foundationfor a
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quantitativeplausibilityargument.To applythisknowledgeto thetwo-dimensionalcase,onemust
know whethermultiplebindingdomainsarecooperative. Usingtheassumptionthatbindingener-
giesareadditive,I havedevelopedequationsfor thekineticsof thetwo-dimensionalself-assembly
process– akin to 2D crystalgrowth – andimplementedtheequationsin a computersimulation.
Thesimulationresultssuggesterror-freegrowth occurswhenasystemwith low concentrationsof
theDNA monomersis heldnearthemeltingtemperatureof theDNA lattice.

1.3 Experimentswith Self-Assembly

Can the proposedmodelsbe implementedexperimentally? The simulationsmadeuseof two
assumptionsthat had no direct experimentalsupport: (1) that the envisionedtwo-dimensional
latticescanbemade,independentlyof whetherany computationcanbeembeddedin them,and
(2) that the four binding domainsin double-crossover moleculeact cooperatively in a growing
two-dimensionallattice. I thereforeperformedexperimentaltestsof thesetwo hypotheses.Each
experimentinvolved threestages:thedesignof sequencesfor DNA oligonucleotidescomposing
thedesiredbuildingblocks,thesynthesisandself-assemblyof thoseoligonucleotidesinto building
blocks and the subsequentself-assemblyof the building blocks into larger structures,and the
experimentalanalysisandcharacterizationof theresultingstructures.

To assistin thedesignof sequencesfor thecomingexperiments,which involve many tensof
oligonucleotidesandthousandsof nucleotidepositions,I developedsoftwaretoolsfor evaluating
sequencesaccordingto variousheuristiccriteriaandfor automaticallyoptimizingto �nd improved
sequencesaccordingto thecriteria.

Question(2) wasapproached�rst. In work with collaboratorsSeemanandYang,a 150-K
Dalton molecularsystemwasdesignedto modelthe bindingsite in a growing two-dimensional
latticeof double-crossover molecules.As envisionedfor the lattice,thebindingsiteconsistedof
two single-strandedDNA bindingdomainsavailablefor hybridization,separatedby 20 nm. Co-
operativity wastestedby competitionof bindingbetweentwo molecules.Thetargetmoleculehad
perfectcomplementarityto bothbindingdomains,while theersatzmoleculehadperfectcomple-
mentarityto onebindingdomainbut 50%mismatchesin theotherdomain.Evenin thepresence
of a 64-fold excessof theersatzmolecule,the targetmoleculewaspreferredin thebindingsite,
indicatingcooperativity.

Question(1) wasthenaddressed.I designedasystemof two double-crossover moleculesthat
canself-assembleinto a two-dimensionallattice. Thedouble-crossover moleculesandtheresult-
ing latticewerecharacterizedby gel electrophoresisandvisualizedby atomicforcemicroscopy.
Attachingabulky DNA “arm” to justoneof thedouble-crossover moleculesproducedstripeswith
theexpectedperiodin theatomicforcemicroscopeimages,con�rming thecorrectlatticestructure
of theself-assembledcrystal.A similarsystemwasinvestigatedin Seeman's lab.

Thesetwoproperties,thatdouble-crossovermoleculescanself-assembleintoatwo-dimensional
crystalandthatthetwo bindingdomainsatbindingsitesduringlatticegrowth arecooperative,are
the key ingredientsfor a real implementationof the Turing-universalmodelof computationby
self-assemblyof DNA.

1.4 Publication List

This thesiscontainsmaterialfrom severalconferencepublicationsandonejournalarticle. I was
the �rst authoron all papers,andthe writing is primarily my own. The creative ideasandthe
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actuallabor for all the resultspresentedherearedueprimarily to me, exceptwhereexplicitly
noted.Someof thetext and�gures in this thesiscomedirectly from thosearticles,althoughmost
of it hasundergonerevision, andoccasionallycorrection,for incorporationinto this thesis.I am
solelyresponsiblefor any mistakesherein.

Chapter 2 usesmaterialfrom:

Erik Winfree,“Complexity of RestrictedandUnrestrictedModelsof Molecular
Computation”(Winfree1996a).

Erik Winfree,“WhiplashPCRfor � ����� Computing”(Winfreein pressb).

Chapter 3 usesmaterialfrom:

Erik Winfree,“On theComputationalPower of DNA AnnealingandLigation”
(Winfree 1996b). The ideasin this paper, althoughdueto me, wereheav-
ily in�uencedby discussionswith Seeman,in particularwith respectto the
choiceof thedouble-crossover moleculeto implementthetiles.

Erik Winfree,XiaopingYang,NadrianC. Seeman,“UniversalComputationvia
Self-Assembly:SomeTheoryand Experiments”(Winfree et al. in press).
Chapter3 discussesthe theoreticalresultsin this paper, which aredueen-
tirely to me.

Erik Winfree,“Simulationsof ComputationbySelf-Assembly”(Winfreein press
a).

Chapter 4 usesmaterialfrom:

Erik Winfree,XiaopingYang,NadrianC. Seeman,“UniversalComputationvia
Self-Assembly:SomeTheoryand Experiments”(Winfree et al. in press).
Chapter4 discussestheexperimentsreportedin this paper. Seemanoutlined
theexperimentsanddesignedtheDNA sequences.Yangdesignedtheexper-
imentaldetailsandsupervisedmy executionof thelaboratorytechniquesfor
initial experiments.I designedandcarriedoutall furtherexperimentsmyself.

Erik Winfree, FurongLiu, Lisa A. Wenzler, NadrianC. Seeman,“Design and
Self-Assemblyof Two-DimensionalDNA Crystals” (Winfree et al. 1998).
This paperdescribestwo parallelexperimentalinvestigationsof an ideade-
rivedfrom Winfree(1996b);thecreative ideasin this paperaredueto See-
manandmyself.TheexperimentsonDAE moleculesweredesignedandcar-
ried out by Liu, Wenzler, andSeeman;theexperimentson DAO molecules
weredesignedandcarriedout by myself. Chapter4 of this thesispresents
only theresultsonDAO molecules.

1.5 Support

My work at Caltechwassupportedby NationalInstitutefor MentalHealth(TrainingGrant# 5
T32MH 19138-07),GeneralMotors' TechnologyResearchPartnershipsprogram,andtheCenter
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for NeuromorphicSystemsEngineeringasapartof theNationalScienceFoundationEngineering
ResearchCenterProgram(undergrantEEC-9402726).My work at the University of Electro-
Communicationsin Tokyo,Japanwassupportedby theJapanSocietyfor thePromotionof Science
“Researchfor theFuture”Program,projectJSPS-RFTF96I00101.
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Chapter 2 Intr oduction to DNA-BasedComputation

2.1 Why Computewith Molecules,and How?

All computersarephysicalobjects,madefrom atomsandmolecules,andaregovernedby thelaws
of physics.For mostpurposes,this fact canreadilybe ignored,andcomputerscanbeanalyzed
at a purely logical level. However, as Moore's Law plays out and computersare built out of
ever smallerdevices,the atomic,molecular, andquantumnatureof thosedevicesbecomesever
moreimportant– asdo the fundamentalphysicallimits of computation,suchasthoseimposed
by reversibility, heatgeneration,andthermalnoise.Thebestarchitecturesfor computersbuilt at
thesescalesmaybeverydifferentfrom theoneswearefamiliarwith now.

An examinationof molecularbiologyprovidesimportanthintsfor informationprocessingby
molecules.Some

���

� ��� bits of informationarestoredin thehumangenome,in thenucleusof
everyliving cell in yourbody, atadensitynear1 bit pernm� . A singlecell containsontheorderof

� ��� active macromolecules(proteins,enzymes,polynucleotides,����� ) actingin parallelto control
thefunctionsof thecell,despitethermalnoiseandtherandomnessinherentin diffusibleelements.
However, it is not immediatelyclearwhata cell is “computing,” or how onecouldmake useof
molecularmechanismslike thosein thecell for computing.

Still, to a computerscientist,themechanismslook like computationalprimitives,andoneof
the centralthemesof computersciencehasbeenthat just aboutany grab bag of primitives is
theoreticallysuf�cient for building a Turing-universalmachine.We will seethat the molecular
biologygrabbagalsosuf�ces.

2.2 Computing InverseSetswith DNA

Abstract1 In Adleman's paradigmfor solvingcombinatorialproblemswith
DNA, theproblemto besolvedis encodedasasequenceof experimentsto be
performeduponacombinatoriallibrary of DNA. Wewouldlike thissequence
of experimentsto be asbrief aspossible. Thuswe examinethe expressive
power of differentexperimentalparadigms.Webegin with theformalmodels
of Lipton (1996b)and Adleman(1996), which make focuseduseof af�n-
ity puri�cation. Theuseof PCRwassuggestedin Lipton (1996b)to expand
the rangeof feasiblecomputations,resultingin a secondmodel. By giving
a precisecharacterizationof thesetwo modelsin termsof recognizedcom-
putationalcomplexity classes,namelybranchingprograms(BP) andnonde-
terministicbranchingprograms(NBP) respectively, we show that PCRonly
incrementallyincreasesthe computationalpower. However, the useof liga-
tion, introducedby Bonehet al. (1996b),resultsin a third modelwhich does
signi�cantly increasethecomputationalpower.

1Resultsin thissectionalsoappearedin Winfree(1996a).Thanksto SamRoweisfor stimulatingdiscussionsandto
JehoshuaBruck for pointingmeto previousliteratureonbranchingprograms.
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Current interestin using DNA to computewas spurredby Adleman(1994), who brought
DNA-basedcomputersout of the realmof theoryandinto experimentalreality. Adleman's key
insightwasto avoid trying to useeachDNA strandasabasisfor acomplex processor, andinstead
to useavastcollectionof simpleDNA strandsto collectively performasinglecomputation.In his
solutionto theHamiltonianPathProblem(HPP),heusedstandardmolecularbiology techniques
to performtwo typesof logical manipulationof theDNA. First,heusedsequence-directedpoly-
merizationof oligonucleotidesto generateacombinatorialsetof DNA strands2 representingpaths
througha graph � with � vertices. The sequencesof the resultingstrandsencodethe vertices
visited by eachrespective strand. Second,Adlemanuseda seriesof PCR reactions,gel elec-
trophoresisexperiments,andaf�nity separationsto getrid off strandsin thecombinatoriallibrary
thatsurelydidn't representthecorrectanswer. Pathswhichweren't length � wereremoved,then
pathswhich omittedvertex 1 wereremoved,andsoon until pathswhich omittedvertex � were
removed.TheremainingDNA representedvalid answersto theproblem.

This approachwasquickly generalizedby Lipton (1995),who notedthat it is suf�cient to
alwaysstartwith themaximallydiversecombinatoriallibrary representingall ��� binarybitstrings,
and to �lter that set down to the desiredsolution. In particular, he showed how to solve the
formulasatis�ability problem(FSAT): givenaBooleanformulawith � termsin � variables,Lipton
showed how a seriesof � ��� � af�nity separationstepscould be performedto �nd DNA which
encodesvaluesto thosevariableswhichmake theformulatrue.Becauseaminute100 ��� solution
cancontain � �
	�� strandsof DNA anda singlelaboratoryoperationprocessesall thosestrandsin
parallel,at �rst glanceit appearsthatfor �

��

� �
	���������� , size � problemscanbesolvedin ��� � �

steps.As FSAT is amongthehardestof thehardproblems,thisgeneratedexcitement.
Consideredgenerally, molecularcomputationas introducedby Adleman(1994)provides a

new approachto solvingcombinatorialinverseproblems,wherewe areinterestedin computing
���

	������ where
�

��� � is a booleanfunctionof � -bit strings � . Instancesof NP-completeproblems
canbeexpressedin this form; for example,in 3-SAT we askif

�
�

	
����� is non-emptyfor

�

given
asa 3-CNFexpression.Adleman's techniqueinvolvesusingindividual DNA strandsto represent
potentialanswerbit-strings � , thenoperatingon a test tubecontainingall possibleanswersto
separatethosewhich satisfy

�

from thosewhich don't. In many instances,thenumberof sorting
operationsrequiredis a low-orderpolynomial in � , suggestingthat – given exponentialspace
to storethe DNA – hardcombinatorialproblemscanbe solved ef�ciently with this technique.
Becausetheboundedresourceof spaceto storetheDNA is socritical, in this discussionwe will
only considerusing � ����� � strands.UsingsubstantiallymoreDNA, e.g. to searchover additional
non-deterministicvariables,is considered“cheating”. In otherwords,the questionis, “Given a
�x edamountof DNA, whatfunctionscanweeasilysolve?”

It wasnot immediatelyclear, however, whatclassof booleanfunctions
�

couldbeef�ciently
inverted. In a clarifying paper, Lipton (1996b)showed that if

�

canbe representedasa size �

formula of AND-OR-NOT (AON) operations,then
�

canbe invertedusing ��� molecularsteps
using af�nity puri�cation only. Lipton suggestedfurther that the useof PCR to duplicatethe
contentsof atesttubewouldallow anevengreaterclassof functionsto beinvertedusingmolecular
computation. In this notewe follow his programandcharacterizeexactly to what extent PCR
helps,in termsof known complexity classes.

As individual stepscantake on theorderof 15 minutesto anhour, smalldifferencesin com-
plexity quickly make the differencebetweenfeasibleand infeasibleexperiments.Thusit is of

2Thetermsstrand,oligonucleotide, oligo,andpolynucleotideall refersingle-strandedDNA molecules,andthey are
all roughlyinterchangeable.However, ªoligoºmeansªafewº andthusreferstoshortstrands± afew tensof nucleotides.
A combinatorialsetof DNA strandsis calledacombinatoriallibrary for short.
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importanceto characterizethecomplexity of thesemodelsof molecularcomputationascarefully
aspossible.Classessuchas“polynomial-size”aretoo roughto bereallyuseful– we reallywant
to know exactlywhatpolynomialit is.

After de�ning thetwo modelsof molecularcomputation,wewill demonstratetheircorrespon-
dencewith branchingprograms,andconcludewith a few implicationsof thecorrespondence.

2.2.1 Abstract Modelsof Molecular Computation

We usethe modelsdescribedin Lipton (1996b)andAdleman(1996),andusesimilar notation.
Thesemodelsassumeperfectperformanceof eachoperation,althoughin practicethemolecular
biology techniquesare known to be somewhat unreliable. Initial commentson this aspectof
themodels,theorigin of thenamesrestrictedmodelandunrestrictedmodel, andotherpractical
matters,canbefoundin Adleman(1996).

TheRestrictedModel:
A testtubeis asetof moleculesof DNA encodingassignmentsof valuesto variables�

	

�������

�

.
Eachassignment,e.g., �

	

���

� , is encodedusinga uniqueDNA sequence,suf�ciently dissim-
ilar from encodingsof otherassignments.EachDNA strandsis simply the concatenationof all
assignmentencodings.Weoperateon testtubesasfollows:

� Separate[
�

]. Givena tube � andanindex3 �

, producetwo tubes� �	��


�

� and � �	��


�

� , where
� �	��


�

� containsall stringswherebit
�

is set,and � �	�

�� � containsall stringswherebit
�

is
cleared.Tube � is destroyed.

� Merge. Giventubes��� and ��� , pour ��� into ��� therebymaking ��������������� . Tube ��� is
destroyed.

Separate is implementedusingaf�nity separationbasedon the presenceof the appropriate
DNA sequence(Adleman1994),andthe implementationof merge is obvious. At theendof the
computation4, whenwe presumablyhave a singletesttubecontainingall stringsin

� �

	������ , we
canusethefollowing operationto sequencethestrings� in thetesttube,asdescribedin Adleman
(1996):

� Detect.Givena tube � , say`yes' if � containsat leastoneDNA molecule,andsay`no' if
it containsnone.Tube � is preserved.

The implementationof detectis basedon PCR.A program5 is a sequenceof operationson
labelledtesttubes.Eachstatementis of theform:

�

� �	����


�

�������! "� �	���#


�

�$����%! �&�


wherethe arrow means“is to bemergedwith”. In otherwords,oneseparationandtwo merges
occurfor every statement(but notethat ��� or �

% maybeemptyprior to themerge). For clarity,

3We consideronly the casewhereonevariableat a time is tested.More sophisticatedoperationswheremultiple
DNF mintermsaretestedsimultaneously(seeBonehet al. (1996b))requiremorelengthypreparation;thuswe argue
thatthesinglevariablecaseis notunreasonablefor measuringcomplexity.

4WedonotconsiderherewhetherDetectcouldbeusedto advantagein themiddleof acomputation.Apparently, it
canbe(Lipton 1996a).

5Theclassof programsasgivenhereis slightly differentfrom thatgivenin Adleman(1996).In particular, weinsist
thata labelledtesttubeis not re-usedafterits contentshavebeenused(i.e. ªdestroyedº).Thedifferencesaremerelya
matterof notation,andinconsequential.
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programscanbe shown diagrammatically(seeFigure2.1). At the beginning, all test tubesare
emptyexceptfor �

	

, whichcontainsall � � DNA strandsencodingall possibleinput vectors� . If
at theendof theprogramexecutionthereis a testtubecontainingexactly thosebit stringswhich
satisfy

�

, thenwe saysaythe programhasinverted
�

, or hassolved
�

. The sizeof a program
is consideredto be the numberof statements(hereSeparate operations)in the program. Since
programsareconsideredto be executedsequentially, the sizeof a programto invert

�

is often
referredto asthe time to solve

�

. Thewidth of a programis themaximumnumberof testtubes
co-existingat any giventime.

���������

ª	�

�����

�


�� º

Given ���

���

	�������� .

 "!

�

�
�

���

�$#

�&%�'�(

�

�
�

���

�)#

�&*+'-,

 "!

�

�&*��-.

�$#

�&/�'�(

�

�&*��-.

�)#

�10�'-,

...

 "!

�

�&2��3�

�$#

�&4)'�(

�

�&2��3�

�)#

�&4$'-,

 "!

�

���657�3�

�)#

�189':(

�

���;5��3�

�)#

�
4

'-,

Return�
4 .

1

22

333

4444

T  =  x

T  =  1

T  =  x

T  =  f(x) T  =  f(x)

T  =  x   x

1

2

T  =  "x  + x   + x    =  2"2 3 1

 T  F

 9

 3

 4

 2

 1

 1 1

 10T 

Figure 2.1: Implementingan arbitrary symmetricfunction in ��< �>=
	@?

A separationsusing the re-
strictedmodel.Boxesrepresentseparationsteps,andarrows representthetest-tubes.Labels,in a
few illustrative examples,indicatethelogical formulawhicheverystrandin thetesttubesatis�es.

TheUnrestrictedModel:
Theunrestrictedmodelallows oneadditiontypeof operationduringthecomputation:

� Amplify. Given a tube � producetwo tubes�

	

and �

A with contentsidenticalto � . � is
destroyed.

Amplifyis implementedusingPCR.Programsfor theunrestrictedmodelconsistof statements
similar to thosefor therestrictedmodel,but with theadditionalform:

�

��� ������
 ��%" �&

Herethe arrow means,“is to be copiedinto.” Unrestrictedmodelprogramscanalsobe shown
diagrammatically(seeFigure2.2).

Theunrestrictedmodel,unlike therestrictedmodel,canactually“circumvent” therestriction
on usingonly � ���

�
� strands,becausethenumberof strandscanbedoubledwith every amplify
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2

3

4

T  =  x

T  =  1

T  =  x

T  =  f(x)

1

 T

 3  2  1 1

1

4

1

2 3

T   IGNORE

Figure2.2: Implementingthefunction
�

� � �

�

��� � �

A

� �

�

� � ��� � �

	

�

A

� �

	

�

�

� �

�

�

A

� usingthe
unrestrictedmodel.

operation.We might expectthat the unrestrictedmodel is signi�cantly morepowerful thanthe
restrictedmodel. Surprisingly, even thoughwe allow the extra volume“for free”, thereis little
bene�t.

TheAugmentedModel:
The augmentedmodel (introducedin Bonehet al. (1996b,a))doesnot allow amplify, but

insteadit addsadifferenttypeof operationto therestrictedmodel.Herewemakeuseof additional
variables�

� =
	

����� whicharenotassignedvaluesby theinput.

� Append[��� ��� ]. Given an index
���

� , a tube � whosestrandseachencodevaluesfor
variables

	

��

� not including ��� , andavalue ���

	

� 
 �
� , modify everystrandby ligatingthe
DNA sequenceencoding���

��� .

Programsfor the augmentedmodelconsistof statementssimilar to thosefor the restricted
model,but with theadditionalform:

�

��� ���

�

 �&

Notethatappendcannotassignavalueto avariablewhichhasalreadybeenset,andsimilarly we
restrictseparateto caseswhereoneverystrandtheseparationvariablehasbeenassignedavalue.
Only programfor which this two propertiescanbeguaranteedareconsideredvalid. Augmented
modelprogramscanalsobeshown diagrammatically(seeFigure2.3).

In theaugmentedmodel,like therestrictedmodel,thenumberof strandsremainsconstantat
� � . Nevertheless,we will seethat the augmentedmodelis morepowerful thanthe unrestricted
model,andthattheunrestrictedmodelis morepowerful thantherestrictedmodel.
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 TT   =  f(x)  FT   =  f(x)

2

T  =  11

4

+5

1 1

3

-5+5

3 1 2

55

Figure2.3: An augmentedmodelprogramimplementinga functionof unknown importance.

2.2.2 Branching Programs

Sincebranchingprogramsarenot asfamiliar a modelasformulas,�nite-stateautomata,circuits,
Turingmachines,etc.,it is worthwhileto presentanexactde�nition here.Wequotefrom Wegener
(1987),p. 414:

A branchingprogram(BP) is a directedacyclic graphconsistingof onesource
(nopredecessor),innernodesof fan-out2 labelledby Booleanvariablesandsinksof
fan-out0 labelledby Booleanconstants.Thecomputationstartsat thesourcewhich
is alsoaninnernode.If onereachesaninnernodelabelledby � � , oneproceedsto the
left successor, if the

�

-th inputbit �

� equals0, andoneproceedsto theright successor,
if �

� equals1. TheBPcomputes
�

���

�

6 if onereachesfor theinput � asinklabelled
by

�

�

�

� .

The sizeof a BP is the numberof inner nodes. Many measuresof BP have beenstudied,
especiallydepthandwidth.

We follow Razborov (1991) in de�ning a nondeterministicbranchingprogram(NBP): we
additionallyincludeunlabelled“guessingnodes”of fan-out2 wherebothbranchesareallowed7.
The NBP computes

�

���

�

if by someallowable path one reachesa sink labelled1 for all
�

�

�
�

	
����� . The sizeof an NBP includesthe guessingnodes. BP andNBP may be viewed

pictorially, asin Figures2.4and2.5, in which thedesignations“left” and“right” arereplacedby
“dotted-line”and“solid-line” respectively.

6 ��� is thesetof all � -inputbooleanfunctions.
7This de®nitionof NBP coincidesexactly with Meinel's 1-time-onlynondeterministicbranchingprograms.His

moregeneralde®nitionsseemnot to beusefulin thecontext of molecularcomputing.
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source
x1

x2

x3

x4

0

x3

x4

1

x2

Figure2.4: ImplementingPARITY of 4 variablesusingabranchingprogramof width 2.

source

1

0

x1

x2

x3

x4x4

x5 x5

x6 x6

Figure2.5: Implementinga functionusinga nondeterministicbranchingprogram.
�

� � � = “ � is
palindromicexceptfor isolated(non-adjacent)errors”. �

���

�

�

��� � � � � .

We introduceonemoremodi�cation of branchingprograms:write-oncebranchingprogams
(WOBP)arebranchingprogramswheretheedgesmaybelabelledto assigna value � (+) or � (-)
to any numberof gatevariables

	��

� � , andwheredecisionnodesmaybelabelledby agatevariable
insteadof an input variableif all pathsto that nodeassigna uniquevalueto the gatevariable.
Finally, wealsoconsidercircuitswhereeachgatehasarbitraryfan-outandcomputesany boolean
functionof its 2 inputs.

2.2.3 Correspondenceof Models

RestrictedModel � BranchingPrograms
In this sectionwe show that theclassof functionswhich therestrictedmodelcaninvert in a

giventimeareexactly thosefunctionscomputedby abranchingprogramof thesamesize.
ExaminingFigures2.1and2.4, it is clearthatnot muchneedsto beproved. Themodelsare

essentiallyidentical,exceptfor interpretation.Eachseparationstepcorrespondsto aninnernode
of theBP. A strandof DNA correspondsto aninputvectorfor theBP. In summary:

1. If restrictedmodelprogram� solves
�

in � steps,thenthereis a BP � which computes
�

andis of size � .
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source
x1

x2

x3x3

x2 -g1

-g1

+g1 +g1

01

g1 g1

x4x4

Figure2.6: A smallwidth-2WOBP.

(a)

x3

x2

x3

Figure2.7: A circuit for theXOR of 3 inputs.

2. If BP � computes
�

and is of size � , thenthereis a restrictedmodelprogram � which
solves

�

in � steps.

A singlestrandof DNA will �o w throughthetesttubesof a restrictedmodelprogramexactly
in theorderof innernodesexecutedby theassociatedBPrunningonanequivalentinputvector8.
Sinceall possiblestrandsarerunin parallel,thosethatendupin theoutputtesttube��� areexactly
theinputsthattheBPaccepts;i.e.

�
�

	
����� .

UnrestrictedModel � NondeterministicBranchingPrograms
In thissectionweshow thattheclassof functionswhichtheunrestrictedmodelcaninvert in a

giventime areexactly thosefunctionscomputedby a nondeterministicbranchingprogramof the
samesize.

ExaminingFigures2.2and 2.5, it is clearthatnot muchneedsto beproved. We additionally
associateamplifystatementswith guessingnodesin theNBP. Justto beclear, weshow:

1. If unrestrictedmodelprogram� solves
�

in � steps,thenthereis aNBP � whichcomputes
�

andis of size � .

2. If NBP � computes
�

andis of size � , thenthereis a unrestrictedmodelprogram� which
solves

�

in � steps.

8Theauthoris remindedof somefriendswhoneededto transfera lot of graphicsimagesfrom SanFranciscoto Los
Angeles.They consideredusingFTPover theinternet,but onsecondthoughtrealizedit wouldbefasterto put thedata
in theircaranddrive,sothey did. Wearedoingthesamethinghere:Wephysicallymoveabunchof DNA throughthe
virtual CPU,onegateata time± but lotsof datasimultaneously.
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Weuseessentiallythesameargumentasabove. Howevernow wesaythatthesetof testtubes
which a DNA strandpassesthroughis thesameasthe setof nodesof theNBP which couldbe
activatedby theassociatedinputvector. Thustheoutputtesttubecontainsall strandswhichcould
causetheNBPto accept;i.e.

� �

	������ .
AugmentedModel � Write-OnceBranchingPrograms
In this sectionweshow thattheclassof functionswhich theaugmentedmodelcaninvert in a

giventime areexactly thosefunctionscomputedby a write-oncebranchingprogramof thesame
size.

ExaminingFigures2.3and 2.5, it is clearthatnot muchneedsto beproved. We additionally
associateappendstatementswith writing nodesin theWOBP. Justto beclear, westate:

1. If augmentedmodelprogram � solves
�

in � separation steps,thenthereis a WOBP �

whichcomputes
�

andis of size � .

2. If WOBP � computes
�

andis of size � , thenthereis aaugmentedmodelprogram� which
solves

�

in � separation steps.

Weuseessentiallythesameargumentsasabove; theoutputtesttubecontainsall strandswhich
causetheWOBPto accept,i.e.

�
�

	
����� , andadditionallyeachstrandmaintainsarecordall written

variables.
Theresultsof Bonehetal.(1996a)canbeusedto show thatWOBPsareaspowerful ascircuits:

1. If a circuit
�

or size � solves
�

, thenthereis a WOBP � which computes
�

andis of size
��� � .

2. If WOBP � computes
�

andis of size � , thenthereis a circuit
�

which solves
�

andis of
size � .

2.2.4 Corollaries and Conclusions

Wenow have atheoreticalhandleonpreciselywhatcanandcannotbecomputedby therestricted
andunrestrictedmodels. First, by looking at the polynomialsizecomplexity hierarchy, we can
separatetheclassesof functionssolvableby theDNA models.

Many usefulresultsfollow immediatelyfrom theliteratureon branchingprograms.Hereis a
brief sampler:

� poly-sizeBPareequivalentto log-spacenon-uniformTM9 (Meinel1989).

� poly-sizeNBPareequivalentto log-spacenon-uniformNTM (Meinel1989).

� poly-sizecircuits10 areequivalentto poly-timenon-uniformTM (Wegener1987).

� thuspoly-sizeBP � poly-sizeNBP � poly-sizecircuits,wheretheinclusionsarebelieved
to beproper.

� poly-size,constant-widthBPareequivalentto log-depthcircuits(Barrington1986;Caiand
Lipton 1989).

9(N)TM = (nondeterministic)Turingmachine.
10In thisnoteweconsidercircuitswheregatesarefan-in2, arbitraryfan-out,andhavearbitrarylogic.
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Table2.1: Lowerandupperboundsoncomplexities underknown modelsfor variousfunctions.

�

�

�

�

�

�

��� �

���

�

�

���

���

�

�

��� � �

�

� (Razborov 1991)11.

���

<��
?

�

�

���

�

�

� � � �

�

��� � (Wegener1987)12.

With eachof theseresultsthere is typically an ef�cient simulation(Pudĺak 1987). Other
known linearsimulationsby branchingprogramsinclude�nite-stateautomata(FSA) and2-way
�nite-stateautomata(Barrington1986).

As mentionedearlier, resultson polynomialequivalenceareonly of theoreticalandnot prac-
tical relevance. We would like moreexact boundson the complexity of implementingspeci�c
functions.Theliteratureon branchingprogramsgivesussomesuchbounds,althoughadmittedly
theknowledgeis very incomplete.Someknown bounds13 for a few functions14 aresummarized
in Table2.1.

2.2.5 Discussion

Do we gainanything by usingtheamplifyoperation?Theoretically, yes,but very little. Contrary
to thesuggestionin Lipton (1996b),theunrestrictedmodeldoesnot allow us to invert functions
de�ned by circuits in linear time15. Furthermore,in additionto concernsaboutthereliability of

11C(f) is circuit size,L(f) is AON formulasize,etc.  "!$# means &%&')(*#,+ .
12Notethisconstructionfor formulasis betterthanthatgivenin Lipton (1996b).
13SeeespeciallyWegener(1987):pp. 76, 85, 143,243,247,261,440;Razborov (1991):pp. 50, 51; Boppanaand

Sipser(1990):pp. 793-797.NoteRazborov incorrectlyquotestheBPlowerboundonMAJORITY (Babaietal. 1990).
The upperboundcomesfrom SinhaandThathachar(1994). The upperboundon formulasfor symmetricfunctions
follows directly from the upperboundWegenergives for MAJORITY. The upperboundon circuits for DISTINCT
comesfrom a simpleapplicationof SORT, followedby adjacentcomparisons;a betterboundmaybeachievable.The
upperboundon NBP for symmetricfunctionsusesa constructionby Lupanov for switching-and-recti®ercircuits(see
Razborov (1991));theconstructionalsoworksfor NBP.

14Let - ./- denotethe lengthof . and 0�. denotethe numberof 1's in . . Let 12%

�


43 576�8

�:9

- .�;<-=%?>A@CB�D




� and
DISTINCT (�.:E

9�FGFGFG9

.IHJ+K%2L if f MONQP %SR s.t. .I;T%U.WV . MAJORITY (�.I+X%ZY if f 0�.\[

�


 where �]%^- ._- .
PARITY (�.A+`%UY if f 0�.baUY mod > . c is SYMMETRIC if c dependsonly on 0�. . The lower boundsare for
almostall symmetricc .

15It appearsthat Lipton realizedthis shortlyafter distributing his draft. He latercharacterizeshis constructionsin
termsof contactnetworks, whicharerelatedto branchingprograms(Lipton 1995).
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PCR,weshouldrealizethateachamplifyat leastdoublesthevolumeof DNA thatwehave to han-
dle. After justa few suchoperations,wecouldpracticallybeunableto continuethecomputation.
For example,if weconcludefor practicalreasonsthat � ��� moleculesof DNA arethemostwecan
handlein onetesttube,thenwe mustbevery carefulnot to exceedthis limit whenmerging the
productsof ampli�cation16. Theaugmentedmodelof Bonehet al. (1996a),however, bothavoids
the dif�culties of the amplify operationandachieves inversionof functionsde�ned by circuits.
Anothermodelwhichachievesinversionof functionsde�ned by circuitsis thememorymodelof
Adleman(1996),which canbe implementedvia site-directedmutagenesisusingthemethodsof
Beaver (1996)(whowentfurtherto show a full Turingmachinesimulation).

Becausecircuits are sucha conciserepresentationfor most functionsof interest,the aug-
mentedmodelseemsto provide aneffective way to exploit theparallelismof DNA reactionsto
solve inverseproblems.However, for functionsrepresentedby circuitsof size1000,therequired
3000laboratorystepsis still a lot to ask,especiallysinceeachaf�nity separationandligationstep
would take at leastanhour if performedby a competenttechnicianaccordingto standardproto-
cols. It is not yet clearwhat thebestbiotechnologyis for theseparation andappendoperations,
norwhattheir intrinsicerrorratesmustbe.Methodsto improveerrorratesdueto misclassi�cation
duringseparations(Karpetal. 1996;Roweisetal. in press)requiremultiplicative increasesin the
numberof steps,becauseeachseparationis repeatedenoughtimesto make classi�cationerrors
rare.

2.3 ������� Methods for DNA Computation

Abstract17 This sectionintroducesa morenovel brandof DNA-basedcom-
putingwhereinthe problemto besolved is encodedentirely in theDNA se-
quencesused,anda �x edsequenceof experimentsis performed.Wefocuson
the experimentaltechniqueof whiplashPCR, asintroducedin Hagiyaet al.
(in press)for DNA computation,in combinationwith combinatorialassem-
bly PCRto generatestructuredlibraries. We introducea modelof compu-
tation basedon this techniquebasedon GOTO graphs, in which a number
of NP-completeproblemscanbesolved in � ����� biosteps,includingbranch-
ing programsatis�ability, the independentsetproblem,andtheHamiltonian
pathproblem.In addition,weproposeasimpleextensionof theexperimental
techniquethatallows singleDNA strandsto simulatetheexecutionof a feed-
forwardcircuit, giving riseto a solutionto thecircuit satis�ability problemin

� ����� biosteps.

In an ingeniouspaper, Hagiyaet al. (in press)introduceanexperimentaltechniquethey call
polymerizationstopandtheoreticallyshow how by thermalcycling, individual DNA molecules
cancomputethe outputof Boolean � -formulas(and-or-not formulasin which every variableis

16Onasimilarnote,eventherestrictedmodelcansolve c computedby Meinel'smoregeneralNBPmodel,simplyby
using >

H timesmoreDNA volumewhenthereare 1 non-deterministicvariables.Thisallowscomputationasef®cient
ascircuits,but at thecostof ridiculousamountsof DNA.

17Resultsin this sectionalsoappearin Winfree (in pressb). Thanksto MasanoriArita, Daisuke Kiga, Kensaku
Sakamoto,Shigeyuki Yokoyama,andMasamiHagiyafor discussionsof theirwork; andto LenAdlemanfor suggesting
theHPPexampleandthenameªwhiplashPCR.º
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referencedat mostonce).BecauseeachDNA moleculerepetitively formshairpinssothat it can
serve simultaneouslyasboth “primer” and“template” for a stoppedpolymerasereaction,Adle-
manhasdubbedthis experimentaltechniquewhiplashPCR. Hagiyaetal. (in press)describehow
whiplashPCRcanbeusedto solvetheproblemof learning� -formulasgivenpositiveandnegative
data,andmorerecentlySakamotoet al. (in press) hasshown how otherNP-completeproblems
canbesolvedwith whiplashPCR18.

Themotivationfor whiplashPCRbeginswith theinterpretationof DNA polymeraseasanen-
zymaticTuring Machineimplementingthesimply COPYoperation.Bennett(1982)goesfarther
andimaginesdesigningasetof enzymesto simulatetheoperationof anarbitraryTuringMachine,
but theseideaswerenever implementedbecauseof thedif�culty of designingenzymesdenovo.
But is the existing polymeraseenzyme's computationalcapabilitylimited to just copying? Re-
cently, Leeteet al. (in press)realizedthat the hybridizationof primersin the polymerasechain
reaction(PCR)providesinformation-basedcontrolover the COPY operation,andthat complex
computations(suchasthesymbolicexpansionof determinants)canbecarriedout in DNA using
a seriesof PCRreactions.However, this is a very labor-intensive seriesof laboratoryprocedures,
andit hasnot yet beenattemptedexperimentally. Hagiyaet al. (in press)addstwo key insights:
(1) thatpolymerasecopying activity (which wasinitiatedby theprimersequence)canbeconve-
niently terminatedby a “stopsequence”in thetemplateDNA; and(2) thatif the ��� endof aDNA
strandservesasthesamestrand'sprimer, thenanindividualDNA moleculecanbeaself-contained
computationalunit. It wasshown how in a singlereaction,eachDNA strandcanindependently
computetheresultof a � -formula,andhow theproblemof learning� -formulasfrom � positive
andnegativeexamplescanbesolvedin in ��� � � biosteps.(Weusetheterm“biostep” to referto a
singlelaboratoryprocedure.Many chemicalreactionstepscantake placeduringasinglebiostep;
in whiplashPCR,themany chemicalreactionsaresequencedby thermalcycling.)

The DNA usedin whiplashPCRhasthe form
�

� -stop
	

-new
	

-old
	

- ����� -stop
�

-new
�

-old
�

-
head- �

� . Whenthe �
� end(head)of theDNA strandannealsto aDNA sequenceold � , polymerase

copiesthesequencenew� , andthepolymeraseis stoppedanddissociatesuponencounteringthe
sequencestop (for example,becausethestopsequenceis � � � andthepolymerasebuffer con-
tainsonly

�


 ��
 and � ). The headof the DNA now containsa new sequence.Upon the next
thermalcycle, the headcanannealto a differentold location,andcopy the correspondingnew
sequence.Wewill referto thebasicDNA unit

�

� -stop-new-old- �
� asa frameandusethenotation

(newold). In general,boldfacewill beusedwhenreferringto DNA sequences,while italics will
beusedwhenreferringto logicalvariables.

We describeby examplethemethodgiven in Hagiyaet al. (in press)by which a singleDNA
strandcomputesa � -formulasduring whiplashPCR.Considerthe � -formula

�

�

� �

	

�

�

�

���

� �

A

�

��� � . This canbe translatedto thedecisionprocessshown in Figure2.8, whereinvariable
�

	

is checked �rst; if it is false(writtenFalse,0, or � ) thenvariable�

�

is checked,etc. Decision
processesof this form areknown asbranching programs19; they have alreadyarisenin thestudy
of DNA computingbasedonaf�nity separation(Winfree1996a).Herewehavetherestrictionthat
eachvariablebe accessedat mostonce;we call these� -branchingprograms. � -branchingpro-
gramscanrepresentmorefunctionsthan � -formulas;in theabsenceof this restriction,branching
programsareprovablymoreconcisethanformulas20.

18Sakamotoet al. (in press) usethe term successivelocalizedpolymerizationto allow for the possibilityof inter-
molecularreactionsaswell asintramolecularreactions.

19Also known asbinarydecisiondiagrams.
20For example,thebestknown procedurefor ®ndingand-or-not formulasimplementingsymmetricfunctionsresults

in formulasof size ')( �	��


�
�

+ , whereasbranchingprogramsof size ')(

�

8

3 576

�

+ canbeachieved.
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out- out+

(b)

out- out+

x1
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x4
x4

x3

Figure2.8: (a)A branchingprogramfor computingthe � -formula � �

	

�

�

�

��� � �

A

�

��� � . A possible
input would be �

	

�

� 
 �

A �

� 
 �

�

�

� 
 �
�

�

� , which leadsto output = . The computation
followsapaththroughthediagram,andthuscanonly accessvariablesin theorderprescribed.(b)
A branchingprogramwhichdoesnotcorrespondto a � -formula.

Thetranslationof an � -variable� -branchingprograminto DNA makesuseof the � ��� � DNA
sequences

	

�

	


��

�

	


��

=

	


������ 
��

=

�


����

�

�


����

�

= � . Eachedgein thediagram,saythe � edgefrom
node

�

to node� , is thenconvertedinto aDNA frame ����
 �

�

�

� , whichmaybereadas“if ��� is False,
check��
 next.” A recursive formulais givenin Hagiyaetal. (in press)thatconvertsany � -formula
directly into a sequenceof DNA frames,theprogram frames. To tell theDNA thevaluesof the
input variables,we useadditionalframesof the form ���

=

�

�
�

� , readas“ �
� hasthe valueTrue;”

thesearethedataframes. Thedataframesandtheprogramframesareconcatenatedinto a single
strandof DNA, with aninitial � � headsequencecomplementaryto �

	

. Figure2.9givesa full set
of framesusedto implement

�

andshows how thecomputationproceedsduringwhiplashPCR:
theheadinitially annealsto thedataregion to readthevalueof �

	

; in thenext thermalcycle, the
headannealsto theframerepresentingtheappropriateedgeout of node1 in theprogramregion,
to determinewhichvariablemustbecheckednext; in thenext cycle,theheadannealsagainto the
dataregion,andsoon21. Becausetheheadmightannealto its previouslocation(in whichcasethe
polymeraseis immediatelydislodgedby thestopsequenceandnothinghappens),thecomputation
proceedsatapproximately1 logicalsteppertwo thermocycles.In this fashion,everyDNA strand
computesin parallel,eachcontainingits own dataandits own program.

In the inductive inferenceproblemdiscussedin Hagiya et al. (in press),one startswith a
combinatoriallibrary of DNA representingall � -formulasof a given size. In eachiteration,a
positive or negative input exampleis evaluatedby eachDNA strand:DNA representingtheinput
is ligatedto all remainingDNA strands,whicharethenevaluatedin parallelusingwhiplashPCR.
ThoseDNA strandscomputingthecorrectoutputvalueareretained,andtheprogramregion is cut
from thedataandheadregionsin preparationfor thenext roundof the iteration. After all input

21Therestrictionthateachvariablebeusedat mostoncearisesbecausethevalueof thevariableitself, encodedin
DNA as .��

;

, is usedto keeptrackof wherethecomputationis in thedecisiondiagram;if thereweretwo nodeswhich
checkvariable N , thenthe computationcould return to the wrong placein the diagrambecausetherewould be two
framesmatching.

�

;

.
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data program

(out+ x4+)

(x4+ x4)

(x4 x2+)

(x2+ x2)

(x2 x1+)

(x1+ x1)

Step 6

Step 5

Step 4

Step 3

Step 2

Step 1

(x4+ x4) (x2+ x2) (x3- x3) (x1+ x1) (out- x3+) (x2 x3- ) (out+ x4+) (out- x4-) (x4 x2+) (out+ x2-) (x2 x1+) (x3 x1-) x1

Figure2.9: Probablesecondarystructuresduring thecomputationof the � -formula � �

	

�

�

�

� �

� �

A

�

�
�

� ontheinput � � � � . “Probable”is in themindof theartist.Notethatthetick marksdenote
thestop sequence;becausethe �

� headsequencewill never containthe complementto thestop
sequence,thiswill bethesiteof asmallbulgein regionsthatareshown asdouble-stranded.

exampleshave beenprocessed,theonly DNA programsthat remainrepresent� -formulaswhich
agreewith all examples,andtheinductive inferenceproblemhasbeensolvedin ��� � � biosteps.

By startingwith acombinatoriallibrary of DNA representingpossibleinputs,Sakamotoetal.
(in press) describehow whiplashPCRcanalsobeusedto solve otherNP-completeproblems,in-
cludingconjunctive-normal-formsatis�ability (CNF-SAT), Vertex Cover, DirectSumCover, and
HamiltonianPath.In thenext two sections,wedevelopsimilarresultsfor generalformulasatis�a-
bility (FSAT), branchingprogramsatis�ability (BP-SAT), IndependentSet,andHamiltonianPath.
Wesuggesttheassemblygraphformalismfor theassemblyPCRtechnique,andtheGOTO graph
formalismfor describingcomputationspossibleby performingassemblyPCRandwhiplashPCR
followedby asingleaf�nity separation.

2.3.1 SolvingFSAT in ������� biosteps

Even thougha singlestrandof DNA canonly computethe resultof a � -formula, it is possible
to solve the formula satis�ability problemin ������� biosteps– without the restrictionthat each
variablecanoccuratmostonce.
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ConsidertheBooleanformula
�

�

� �

	

�

�

A

� � � �

	

�

�

�

� � It is a functionof �

�

� variables,
andit accessesoneof themmorethanonce;thusit is not a � -formula. However, if we introduce
the new variables�

	�	

�

�

	

A �

�

	

, thenthe samefunction is computedby the � -formula �

�

�

� �

	�	

�

�

A

� � � �

	

A

�

�

�

��
 with theadditionalconstraintthat �

	�	

�

�

	

A .
In general,if

�

is a Booleanformula in � variablesin which variable
�

is accessed�

� times,
thenwe canconstructa � -formula �

�

in
�

�

���

�

���

	

�

� variables,which computesthe identical
functionfor inputwhichis appropriatelyconstrained.Speci�cally, for each� �

�

� � , werequire
���

	

�

�����

�

�����

;

.
We canusethe biochemistryof whiplashPCRto computethe � -formula, andusethe bio-

chemistryof hybridizationto generatea combinatoriallibrary of DNA representingall possible
inputswhichobey theequalityconstraints.Following Adleman(1994),thecombinatoriallibrary
consistsof DNA representingpathsthrougha graph.We usebipartiteassemblygraphs, in which
nodesareeitherblackor whiteandarelabelledby distinctsinglesymbols,anddirectededgesare
labelledby symbolstrings(possiblylengthzero)whosesymbolsaredisjoint from thoseusedat
nodes.Eachsymbolrepresentsa uniquesequenceof DNA. An oligo is generatedfor eachedge
in thegraph,usingthesequencesfor thesymbolsof theorigin node,theedge,andthedestination
node:sincethegraphis bipartite,edgesareeitherfrom whitenodesto blacknodes(in whichcase
“sense”oligosaresynthesized),or from blacknodesto white nodes(in which casetheWatson-
Crick complementary“anti-sense”oligosaresynthesized).Theseoligosmaybemixedin asingle
testtubeandfull-length productmaybegeneratedusingassemblyPCR22 (Stemmeret al. 1995).
This reactioncreateslong “repetitive” DNA, which may thenbecut at a restrictionsite to yield
de�ned-lengthproduct,andthenmadesingle-stranded.For eachpaththroughthegraph,these-
quenceof nodeandedgesymbolson thatpathwill begeneratedin DNA by assemblyPCR;the
complementaryDNA will alsobegenerated23. Figure2.10givesanassemblygraphfor generating
all DNA representinginputswhere�

	�	

�

�

	

A .

�
	 ��� ��
 ��� ��	

� �
� �����
�����

���
� �����
�����

� ���
���

�
�����

�����
���

�
�����

����� ���
���

�����
�

�
� �

����� !"�
! �

� ���
!

�
!#�

Figure2.10:An assemblygraphfor generatinginput to theformula � �

	

�

�

A

� � � �

	

�

�

�

� . Up to
� � � � oligosarerequired,andadditionalsymbols�

� areused.For convenience,thenode �

�

is
written twice. Sincetherewill bea restrictionsitein $

�

, this resultseffectively in pathsfrom the
leftmostnodeto therightmost.

Thus,for any � -formula �

�

, we cangeneratea combinatoriallibrary of DNA representingall

22This techniqueis preferredover annealingand ligation dueto its improved yield andaccuracy; it wasusedin
Ouyangetal. (1997)to createa full library of 6-bit inputs.Notethatif theoligosaresimplyannealed,therearegapsin
thedouble-strandedDNA; thesegapsare®lled in by thepolymeraseduringassemblyPCR.If, asin Adleman(1994),
ligation ratherthanassemblyPCRis preferred,thenadditionaloligosmustbegeneratedcomplementaryto theframes
on theªanti-senseºstrands.Of course,for eitherligationor assemblyPCRto beeffective,carefuldesignof theoligos
is required;see,for exampleDeatonetal. (in press).

23To be assembledby ligation, no gapsmay be presentin the the ªsenseºstrand;thereforeall ªanti-senseºedges
mustbe labelledby the emptystring,or additionaloligoscomplementaryto thesingle-strandedªanti-senseºregions
mustbe synthesized.A generalassemblygraphcanbe easilytransformedinto onesuitablefor ligation by eitherof
thesetwo modi®cations.
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possibleinputssatisfyingthe equalityconstraints
	

� �

	

�

�����

�

�����

;

� . After assemblyof the
input DNA, DNA representing�

�

canbe ligatedto theendof all input DNA, thewhiplashPCR
reactionperformed,and DNA whose � � end is ���

�

= extracted. This DNA containsthe input
which satis�estheoriginal formula

�

. We have solvedFSAT in ������� biosteps(grantingthat the
numberof thermocyclesnecessarilywill scalewith thesizeof theformula).Theexactprocedure
describedabove canalsobeusedfor theslightly moredif�cult BP-SAT problem.

2.3.2 Combinatorial Setsof GOTO Programs

We would now like to generalizethe techniquesusedto solve FSAT. To solve FSAT, a sequence
of threelaboratoryprocedureswas employed: combinatorialgenerationof DNA by assembly
PCR,evaluationof � -formulasby whiplashPCR,andselectionof DNA evaluatingto True by
af�nity separation.Herewe introducea new formalismto describethecomputationswhich can
beperformedin this manner;this formalismsuggestsseveraloptimizationsandnew applications
of whiplashPCR.

Our interestcomesfrom the following simple observation: On a given strandof properly
constructedDNA, whiplashPCRcanbe consideredasexecutinga BASIC programconsisting
entirelyof GOTO statements:e.g. theDNA frame ����
 � � � canbe thoughtof as“Line

�

: GOTO
line � ”, or just

�

� � . Thespecial“line numbers”are � �

���

�

�

� ,
�

� ���

�

�

�

���

�

= and
�

����� �

�

�

���

�

�

. Thesequentialorderin whichtheGOTO statementsappearsdoesnotmatter,
but no line numbermayappearon the left handsidetwice. By usingcombinatorialsynthesisto
createa hugenumberof differentprograms,andextracting the acceptingones,we areable to
solvesomeinterestingmathematicalproblems.Wede�ne acombinatorialsetof GOTO programs
usinga bipartiteassemblygraphwhereedgesare labelled(possiblywith repetition)by GOTO
statementsandnodesarelabelled(uniquely)from �

� . We will insist thatall pathsgeneratevalid
GOTO programs,in which no line numberappearstwice on the left handside24. This implies,
amongotherthings,thatthegraphhasnocycles.

Thus,weconsiderthefollowing question:Givenagraphasde�ned above, is thereapaththat
generatesa GOTO programthat reaches

�
� ���

�

� whenstartedat line � ? Call this theGOTO
graphsatisfactionproblem, or GG-SAT. GG-SAT thusformalizeswhatcanbecomputedin � �����

biostepsby applyingassemblyPCRfollowedby whiplashPCRandaf�nity separation.
As anexample,we will reduceBP-SAT to GG-SAT. Threeresourcemeasuresof importance

arethenumberof pathsthroughthegraph(correspondingto thenumberof DNA strandsgener-
ated);themaximallengthof theGOTO programsthusgenerated(correspondingto thelengthof
the DNA strands);andthe size,in numberof edges,of the GOTO graph(correspondingto the
numberof DNA oligos thatmustbesynthesized).Then,asshown in Figure2.11(a),� -variable

� -nodeBP-SAT canbesolvedby creating� � programsof length �

�

� � , usinga GOTO graph
of size � � � �

�

� . � linesof theprogramare�x ed;theother � linesaregeneratedin independent
blocksof �

� lines,with two possibilitiesfor each.
This notationmakesit obvious that the �x edportionof a GOTO graphis redundant;we can

reduceeachgraphto a smalleroneby following all theGOTOsin the�x edportion.Theexample
in Figure2.11(a)reducesto just 3 nodesasshown in Figure2.11(b). Thuswe get the improved
theoremthat � -variable � -nodeBP-SAT can be solved by creating �

� programsof length �

usingaGOTO graphof size � � . The � linesaregeneratedin independentblocksof �

� lines,with
two possibilitiesfor each. Becausethis decreasesboth the lengthof the DNA andthe number

24DNA programs in which a line number appearsmore than once on the left hand side would execute
probabilistically.
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Figure 2.11: ReducingBP-SAT to GG-SAT: the �

�

� 


�

�

�

�

example. (a) The direct
construction,combiningthe assemblygraphfrom Figure 2.10 and the � -formula programfor

� �

	�	

�

�

A

� � � �

	

A

�

�

�

� . (b) Theoptimizedconstructionobtainedby following GOTO statements
in the�x edregionof (a). All GOTO programsareof length5.

of cyclesto completetheprogram,this constructioncouldbe importantfor experimentssolving
BP-SAT. It would be interestingto �nd generalpolynomial-timealgorithmsfor “optimizing” or
“compressing”arbitraryGOTO graphs,in thesensethat thenew graphsolvesthesameproblem
but containsfewerpathsand/orshorterprograms.
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Figure2.12: A GOTO graphfor solving the IndependentSetProblem. Inputsaregeneratedin
whichexactly �

�

� out of �

�nm variableshave value1. Theedgelabels“0” and“1” in column
�

areshorthandfor GOTO statementssettingthevalueof variable�
� ; asin FSAT, variableswhich

arereferencedmorethanoncein theformulamustbeduplicated,andthecorrespondingedgesin
thegraphwill belabelledwith morethanoneGOTO statement.Notethatconcentrationratiosof
theoligoscouldbeadjustedto makeall pathsequallylikely (for ligation-basedassembly, at least;
it is notsoclearfor assemblyPCR).

However, we are still failing to fully exploit the expressive power of the graph; so far we
have consideredonly essentiallylinear graphs. In the context of circuit satis�ability, Boneh
et al. (1996a)commentedthat providing a regular languageas input to the circuit, ratherthan
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just
	

� 
 �
�

�

, could for someproblemsboth reducethe sizeof the circuit anddecreasethe vol-
umeof DNA neededto solve the problem,andthat the desired� -bit input canbe provided by
assemblingDNA pathsthroughagraphof size ��� , where� is thesizeof a �nite statemachine
recognizingthe regular language.The samecommentholdstrue for BP-SAT. A simpleexam-
ple follows from the ideasin Bachet al. (1996): the polynomial time 2SAT problembecomes
NP-completewhengiven the restrictionthat satisfyingsolutionsmusthave exactly � ones. An
instanceis theIndependentSetProblem,whichasks,givenanundirectedgraphandaninteger � ,
is therea subsetof � verticeswhich have no edgesamongthemselves? The2-CNFformulawe
will usefor thisproblemis

��� �

�

	

� �����

�

��
�� �

wherethegraphhasedges�

�

	


 �

	

	

�����
�

�

�


 �

�

	

and ��� indicatesmembershipin the independentset.
Theformulasimply checksthatno two chosenverticeshave anedgebetweenthem.To solve the
problem,we askfor a solutionto this formulain which exactly � variablesare � . This is donein
DNA by generatingonly inputswith � variablesset.A GOTO graphfor thisproblemis shown in
Figure2.12;variablesusedmorethanoncemustbeduplicated,andthe�x edGOTO statementsin
the“programregion” canbeeliminatedjustasin theBP-SAT optimization.

P i 1

� � � �

� � � �

� � �

� � �


 
 
 



 
 
 


� � �

� � �

� � �

� � �

� � �

� � �

� � �

� � �

� � �

� � �

� � � �

� � � �

� � �

� � �

� � �

� � �

� � �

� � � � � �

� � �

� � �

� � �

1

2

3

4

5 6

7

1 2

5

3

4

6 5

4

2

3

6

7

2

5

3
2

4

4

6

3

2

1       
2

1       2

4       5

4      5

2      3

2      3

2     
 3

2       3

5       6
5      6

3       4

3      4

3      4

3      45      6

2     
 3

5      6

4     
 5

2      3

4      5

6     
 7

6      7

6       7

3      4

3      4
2      3

5 
   

  6

4      5

5      6

4      5
6      7

3      4

2 
   

  3

P i P i P i P i P i P i2 3 4 5 6 7

(b)(a)

Figure2.13:SolvingtheHamiltonianPathProblem:A graph � (a) andits correspondingGOTO
graph � � (b). This is Adleman's examplewith 2 additionaledgesaddedto preventpruningfrom
simplifying theGOTO graphto triviality. For conveniencethenodesshow only thevertex index

�

, andnot thefull symbol �

��� .

As a �nal example,we considerthe HamiltonianPath Problem(HPP) solved in Adleman
(1994). Our procedurebegins by converting (in polynomial time) the original graph � into a
GOTO graph � � . Suppose� has � vertices;then � � will have �

A

vertices,arrangedin layers,
suchthat if thereis anedge �

�


 �

	

in � , thenin theGOTO graph,for each�

�

	

� ����� � � thereis
anedge �

�

�����

E




�


��

	

, labelled
�

� �

�

� ��� (with
�

� � �

�

�

�

� ). Sincewe areonly interested
in pathsfrom vertex 1 to vertex � , we prunethe new graphto includeonly verticeswhich may
be reachedfrom �

	

E

andwhich may reach�

�

� ; this dynamicprogrammingproblemtakestime
� � �

A

� onanelectroniccomputer. Wenow havetheGOTO graph� � , asshown in Figure2.13.If
� has

�

edges,then � � requireslessthan
�

A

oligos.

Every paththrough � � representsa length � paththrough � from vertex 1 to vertex � . A
Hamiltonianpathwill contain,in someorder, theframes

	

� � � 
 ��� � 
������ 
�� ��� ���$�

�
� � �

�

� ��
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andthustheGOTO program,asexecutedby whiplashPCR,will proceedto
� � ���

�

� . All other
pathswill duplicatesomeframeand lack another– theseGOTO programswill terminateand
never reach

� � ���

�

� . Consequently, extractionof DNA containingthe
� � � �

�

� sequence
will identify theHamiltonianpath,andwehave solvedHPPin � ����� steps.

2.3.3 Single-StrandComputation of BooleanCir cuits

UsingwhiplashPCRin themannersuggestedin Hagiyaetal. (in press),whereexactlyonesymbol
is copiedin eachpolymerizationstopstep,giveseachstrandexactly thecomputationalpowerof a
GOTO program,andnomore.However, whiplashPCRmaygiveeachstrandmorecomputational
power, if copying morethanonesymbolis experimentallyfeasible. The ideais this: whenthe
headof the DNA strandis beingextended,it might not only changethe “state” of the headbut
alsoaddanew “program” frame.

Supposefor themomentthat the variables� � areencodedby �

�


��

=

�


��

�

�

usingA, T, andC,
andthatthenew gatevariables

�

� areencodedby �

�


��

=

�


��

�

�

usingexclusively
�

and � . � and
�

arerespectively usedfor representingthestopsequenceandits complement.Thepolymerization
buffer still includes

�

, � , and � , but not
�

. The restrictedalphabetusedfor the gatesymbols
makesdesigningDNA sequencesa moredif�cult task25, but it is necessaryfor the construction
we give below becausenow a gatesymbolcanbe copiedby polymerasetwice during whiplash
PCR.

In our original discussionof branchingprograms,a � edgefrom the nodereading �

� to
the nodereading �

� would be encodedby the frame ���

�

�

=

�

� . During biochemicalexecution
with whiplashPCR,a transitionthroughthis edgewould entail hairpin formationwith binding
to �

=

� and polymeraseextensioncopying �
� , as shown in Figure 2.14(a). Our new proposal

involvescopying morethan � � duringthepolymeraseextension,therebymemorizinganinterme-
diateresultof the computation.In Figure2.14(b)we show theexecutionof anenhancedframe

���

�

���

=

�

�

�

� ���

�

�

�

�

� �

=

�

� . Here,theoriginalDNA encodesfor the“anti-sense”of a valid frame,
andthusthe frameis inactive, or hidden. The two hiddenframespresenthereare intendedto
assignvaluesto new variables

�

�

and
�

� , but thatassignmentwill not becomeeffective while the
frameis still hidden.However, if theenhancedframeis executed,thehiddenframesarecopiedas
“sense”framesontothegrowing � � endof theDNA, thusactivatingthehiddenframesfor potential
futureuse.The�nal �

� sequenceof theDNA will still be � � , whichwill determinetheimmediate
courseof thecomputationasusual.

At subsequentpointsin theevaluation,referencecanbemadeto look for thevaluesof
�

�

or
�

� . Thesevalueswill befoundby theheadhybridizingto thenewly activatedframesandcopying
to the � � � stopsequence– only now theheadwill not behybridizingto the“input” partof the
DNA, but to partof thegrowing “headhistory” itself.

What is theuseof activatinghiddenframes?Thepossibilityof memorizingintermediatere-
sultsgivesriseto amodelof computationthatwecall write-oncebranchingprograms(WOBP)26.
Eachnodestill hastwo outgoingedges,onelabeled� andtheother � ; however, edgesmaynow
alsohave theadditionallabels �

�

� , which indicatethatthevariable
�

� is to beassignedthevalue

25An expandedDNA alphabet,makinguseof arti®cialbasepairswhicharebothhighly speci®candcanbeincorpo-
ratedby DNA polymerase,wouldallow greater̄ exibility in sequencedesign;indeed,Sakamotoetal. (in press) reports
preliminarystudiesof usingiso-� andiso-# (Switzeretal. 1993)in whiplashPCR.If thischemistryis successful,the
variables�	; and ��; could be encodedusing � , � , � , and # ; the stop sequencecould be iso-# -iso-# -iso-# andits
complementiso-� -iso-� -iso-� ; andthepolymerizationbuffer couldcontain� , � , � , # , andiso-# .

26This modelcanalsobe usedto describeDNA computationperformedby a sequenceof af®nity separationsand
ligations,asin Bonehetal. (1996a).
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Figure 2.14: (a) The polymerizationstop stepon a standardframe, wherea single symbol is
copied,andits representationasanedgein aBP. (b) Thepolymerizationstopsteponanenhanced
frame,wheretwo hiddenframesaremadeactive,andits representationasanedgein aWOBP.

� or � . For implementationusingwhiplashPCR,arestrictionis imposed:again,agivenvariable
maybereadatmostonce,andnodesmaybelabeledto readany inputvariable� � or any gatevari-
able

�

� , so long asall pathsto a givennodehave assignedexactly onevalueto thegatevariable
beingread27. Wecall theserestrictedprograms� -WOBP.

+ -

-g1

-g2+g2

+g3 -g3

x1

+g1 -
+

-+
+g5

+g6

-g5
-g6

-g6
-g5x3

x2

(b)

x2

x3

x1

(a)

Figure2.15:(a) Inputvariableswith multiple fan-outarehandledby readingthemonce,andwrit-
ing multipledistinctgatevariableswhichmaysubsequentlybereadonceeach.(b) Thetranslation
of a gatewith fan-out2 into a write-oncebranchingprogramrequirestwo decisionnodes(only
oneof which is guaranteedto beused).Two new gatevariablesarewritten. To translateanen-
tire circuit, �rst the input variablesandthenthe gateswould beprocessedin linearorderin the
branchingprogram.Clearly, muchmoreef�cient translationsarepossible;for example,gateswith
fan-out1 neednotbememorized.

� -WOBPareat leastasconciseascircuits28; acircuit with � inputsaccessedin total
�

� times,
and

�

gateswith totalgatefan-out� canbeimplementedin a � -WOBPusingnomorethan � � �

�

nodesand
�

� � � gatevariables29. The simpleconstructionusesthe building blocksshown in

27Again,wehaveaprobabilisticmodelif this restrictionis violated.
28Theconverseis alsotrue: a circuit canbeconstructedin which (usually)two gatesareusedfor eachedgein the

WOBPto testif theedgewastraversedduringcomputation.Thusa circuit with ! 1 gatescanbeconstructedfrom a
WOBPwith 1 nodes.

29Just > � nodesand" gatevariablesarerequiredif we allow preparingtheinputwith duplicatedvariables,asin the
FSAT construction.
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Figure2.15. First, eachinput variable ��� is readandduplicatedinto �

� new variables,so every
subsequentreadusesauniquevariable.Then,eachcircuit gateis processedin turn,andits output
is storedin a new gatevariable(or variables,if the gatehasfanoutgreaterthan unity). The
translationof asmallcircuit is shown in Figure2.16.Thus,wecantheoreticallysolve thecircuit-
SAT problemin “onepot” usingwhiplashPCR.

In the caseshown in Figure2.16,a muchsmaller � -WOBP (essentiallya BP) exists which
computesthe samefunction, pointing out that our constructionof a � -WOBP from a circuit is
not themostef�cient constructionpossible.However, for moredif�cult problems,circuitscanbe
muchmoreef�cient thanbranchingprograms30. Thismeansthata �x edsizeCSAT problemmay
bemoredif�cult thanaBP-SAT problemof thesamesize.

Oneseriousconcernis that theproblemof secondarystructureinterferingwith theprogress
of thecomputationis madeworse.First, “inopportune”hybridizationnow involvesmuchlonger
subsequences,resultingin many thermocycles in which no progressis made. Secondly, newly
activatedframesarelocatedin the“headhistory” regionof theDNA, whichis likely to beinvolved
in secondarystructure.Experimentalinvestigationis requiredto seehow serioustheproblemswill
be.

2.3.4 Conclusionsand Future Dir ections

Like otherformsof DNA computation,it seemsthatwhiplashPCRcan't by itself competewith
electroniccircuitsunlesstherearesigni�cant advancesin thecontrolof thebiochemistry. How-
ever, thecomputationalpowerof whiplashPCR– in theory– suggeststhat“one-pot”biochemical
reactionshave morepotentialfor computationthanpreviously thought. Conceivably, whiplash
PCRcouldbecombinedwith otherkindsof DNA processing– eitherstepwiseor within the“one
pot” biochemicalreaction.For example,wecanconsidermodi�cationsof whiplashPCRwherein
DNA strandsnot only grow thoughpolymerization,but alsoshrinkdueto otherenzymeactivity
(e.g. restrictionendonucleasesor topoisomerases).An opentheoreticalquestionis how to use
non-determinismduringwhiplashPCR:wehave alreadydiscussedthecasewherethesolutionto
a problemis foundby �rst usingnondeterministicstepsin thegenerationof theDNA, andthen
usingdeterministicstepsduring the executionof the program,but whiplashPCRcould equally
well be usedto performnondeterministicstepsby having multiple framesmatchingthe current
headstate.

30As a simpleexample,anarbitrarysymmetricfunctioncanbeimplementedin a circuit of size ')( ��+ , but thebest
constructionfor branchingprogramsrequires')(

�

8

3 576

�

+ nodes.
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Figure2.16: Thetranslationof a 3 input, 6 gateXOR circuit into a � -WOBP. (a) thecircuit, (b)
the � -WOBPgeneratedby ourconstruction,(c) a muchsimpler � -WOBPgeneratedby hand.
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Chapter 3 Modelsof Computation by Self-Assembly

3.1 2D Self-Assemblyfor Computation

Abstract1 This sectioninformally exploresthe power of annealingandlig-
ation for DNA computation.(The following two sectionswill explore these
notionsmoreformally.) The�rst stepof Adleman's molecularsolutionto the
HamiltonianPathProbleminvolvesthecreationof a combinatoriallibrary of
DNA by meansof directedself-assembly, followed by ligation. Experimen-
tally, DNA annealingcanproducemany unusualstructuresin additionto the
usualB-form doublehelix, so we wonderif they canbe usedto advantage
for computation.We conclude,in fact, thatannealingandligation aloneare
theoreticallycapableof universalcomputation.

WhenAdlemanintroducedtheparadigmof usingDNA to solvecombinatorialproblemsAdle-
man(1994),hiscomputationalschemeinvolvedtwodistinctstages.TosolvethedirectedHamilto-
nianpathproblem,he�rst mixedtogetherin a testtubeacarefullydesignedsetof DNA oligonu-
cleotide“building blocks”, which annealto eachotherandareligatedto createlong strandsof
DNA representingpathsthroughthe given graph. After this ligation stage,thereensue� steps
of af�nity puri�cation, wherebyexactly thestrandsrepresentingHamiltonianpathsareseparated
into a testtube(“the answer”).

Lipton (1995)subsequentlyre�ned theformalismfor DNA-basedcomputation.He did away
with Adleman's �rst stage,ligation, andreplacedit by startingall computationswith a �x edset
of DNA strandsrepresentingall � -bit strings.Lipton expandedon Adleman's secondstage,sep-
aration,whereheshowedhow all solutionsto a givenbooleanformula

�

canbeseparatedinto a
testtube(“the answer”).Thecostfor thegeneralityof thismethod,evenwhenusingtheimprove-
mentsof Bonehet al. (1996a),is indicatedby consideringsolvingtheHamiltonianpathproblem:
a straightforward method2 takesabout � � separationstepsusingLipton's approach,comparedto
the � stepsusedby Adleman.

We canconcludefrom this circumstantialevidencethatmuchof thephysicalcomputational
power Adlemanwasexploiting was in his �rst stage,whereannealingand ligation wereused.
Lipton hasexploredthe power of generalizingAdleman's secondstage;we would like now to

1Resultsin this sectionalsoappearin Winfree (1996b). Thanksto Paul W. K. Rothemundfor the discussionsat
the RedDoor Cafethat leadto this work, andto NadrianC. Seemanfor suggestingthe useof the double-crossover
molecule.

2Let the graphhave � verticesand � edges;�

�

�




. The bestbooleancircuit I could devise uses')(�� � @CB�D �I+

gatesto verify a Hamiltonianpath. Another issueis that Adleman's ligation stagerequiresthe synthesisof about
')( ����� + oligonucleotides,whichis ')( �




+ if � % ')( �




+ ; whereasLipton needsonly about� �,@CB�D � oligonucleotides
to createhis standardinitial test tubeof DNA. However, technologyis becomingreadily availablefor synthesizing
many oligonucleotidesin parallelveryquickly (seee.g. ChetverinandKramer(1994));thesamecannotbesaidfor the
af®nity puri®cationsteps,which will likely remainexpensive. Comparingvolumefor a graphwith ����> edgesout of
eachvertex, Adleman's methodusesvolumeroughlyproportionalto (

�




+

�

, while Lipton's methodusesa volumeof
>

�

3 576

�

, sinceit takes �J@ B D � inputvariablebits to specifyapotentialpath.
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explorethepowerof generalizingAdleman's �rst stage.
An immediatestumblingblock is that thechemistryof annealingis not fully understood.At

bestwe cantry to de�ne someconditionsunderwhich the reactionsarepredictable,or at least
underwhich it is reasonableto expectthatthereactionscouldbemadeto bepredictable.

3.1.1 SomeBasicAnnealing Reactions

Thefundamentalchemistryof DNA is basedonthedoublehelix andtheprincipleof complemen-
tarity. Eachstrandof DNA is a covalentlylinkedpolymer, whereeachunit consistsof a constant
part (thesugar-phosphate“backbone”)andoneof eitheradenine,thymine,cytosine,or guanine
(the basesA, T, C, G). Eachstrandis oriented;it hasa 3' anda 5' end. WhenDNA forms a
double-strandedhelix, thestrandsmustbeanti-parallel,andcomplementarybasesalign (A with
T, C with G); suchstrandsarecalledWatson-Crickcomplementarysequences.DNA alsotakeson
morecomplicatedcon�gurations,includingtriple helix, quadhelix, super-coiled,andbranched.

A surprisingnumberof possibilitiesareavailable,someof which onemay want, andmany
of which onemay not want. DNA is a particularlyeasymoleculeto work with, becauseit has
evolvedto bestable,typically unreactive,yetmanipulable.RNA andprotein,whichhave evolved
to serve many enzymaticfunctions,arefar morereactive, andthusit is lesseasyto predicthow
novel designswill behave in anexperiment.

I will now commenton somereactionswe maywish to exploit, presentedin cartoonfashion
(Figure3.1). I will have to bemoredetailedwith thereactionsinvolved in themainthrustof this
paper, wheretheircomputation-universality is demonstrated.

(A) This is the canonicalannealingreactionfor DNA. Two strandswith complementarysub-
sequenceswill form hydrogenbondsandhybridizeat the matchingbasepairs. The rate
constantsfor this reaction,which is reversible,dependon thetemperatureandsaltconcen-
trations,amongother things. The melting temperature,above which the complex is not
stable,dependsuponthenumberof matchingbasepairs.

(B) A specialcaseof theabove,wherethematchedregionoccursat theends.Notethatthetwo
“sticky ends”(unmatchedsequences)areavailablefor furtherreactionswith moreDNA.

(C) Theabove reactioncanbeusedto join two double-strandedDNA moleculeswith comple-
mentarysticky ends. If ligaseis presentin the solution,the nicks in the backboneof the
productwill be repairedby the formationof a covalentbond,resultingin two continuous
strands.

(D) If mismatchesoccur�ankedby matchingregions,theunmatchedDNA canbubbleout.

(E) As above, except that the mismatchoccurshereon both sides. Whetherthis structureis
stabledependscritically on thetemperatureandconcentrationof salts.For example,a rule
of thumbis thatthedifferencein meltingtemperaturebetweenaperfectlymatchedstructure
andanimperfectlymatchedstructureis 1 degreeper1%mismatch(Wetmur1991).

(F) This is the simplestDNA branchedjunction. The assemblyof thesestructuresconsists
of courseof sequentialsteps;only the end productis shown. This 3-armedjunction is
probably�oppy. However, how �oppy it is dependsupontheexactsequenceof basepairs
in theoligonucleotides.
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(G) This 4-armedjunction is commonlyknown as a Holliday junction. The two horizontal
strandstendnottobeparallel,but skew. If thesequencesalongbothstrandsarehomologous,
thena phenomenoncalledbranchmigrationcanoccur, in which thecrossover point drifts
right or left.

(H) This is themostcomplicatedstructurewe will consider. We will put it to gooduselater. It
hasbeenfoundto be fairly rigid andplanar(Fu andSeeman1993). Note thesticky ends.
Otherrelateddouble-crossover junctionsarepossible,dependinguponthenumberof half-
turnspresentin thehelicalregions.Seemancallsthismolecule“DAE” for double-crossover,
antiparallelhelicalstrands,evennumberof half-turnsbetweencrossovers.“DAO”, with an
oddnumberof half-turnsbetweenthecrossovers,hasaninterestingtopologicaldifference:
It consistsof only 4 strands.
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Figure 3.1: Somebasictypesof annealingreaction. Curves representsingle strandsof DNA
oligonucleotide.The half arrow-headrepresentsthe 3' endof the strand. Small lines between
strandsrepresenthydrogenbondsjoining the strands. The helical structureof the DNA is not
representedvisually. Letterssignify sequencemotifs. A barabove a lettersigni�es theWatson-
Crick complementof themotif.
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All of the structuresabove have beenmadein the lab andtheir structuresveri�ed (see,for
example,FuandSeeman(1993)).

We would ultimately like a theorywhich could tell us, given a setof oligos,a temperature,
andsaltconcentrations,whatstablestructureswill form, aswell asthekinetics.But this is a very
complex task!

3.1.2 OperationsUsingLinear DNA

We will �rst brie�y considerwhat computationscanbeperformedusingannealingandligation
of strictly linearDNA molecules.Many of thepossibilitieshave alreadybeendiscussedby other
authors.For example,the techniquesusedby Adleman(1994)allow for the constructionof all
DNA representingstringsacceptedby a �nite-stateautomata(alsoknown asa regularlanguage),
usingtheannealingreactions(B) and(C) above. This is important,becauseit allows usto create
awell-de�ned,somewhatinterestingsetof inputsonwhichto computein parallel.Beaver (1996)
hasdiscussedhow, in conjunctionwith polymerase,reactions(D) and(E) canbe usedto make
copiesof DNA with context-sensitive insertion,deletion,andreplacementof substrings.In light
of thesepowerful operations,it seemsplausiblethat a “one-pot” linear DNA reactioncould be
designedwhichperformsuniversalcomputation.

3.1.3 OperationsUsingBranchedDNA

Therearemany possibilitiesfor computationusingbranchedDNA. However, sincethe general
chemistryis notwell understood,wewill try to avoid ungroundedspeculationby focusingonone
concretepossibility. Therestof thissection3 will concentrateonhow to assemblea large“weave”
of branchedDNA whichsimulatestheoperationof aone-dimensionalcellularautomaton.

Background: BlockedCellular Automata

This sectiondevelopsa formal modelof computationcalledblocked cellularautomata(BCA)4.
Wewill latershow how BCA canbesimulatedby DNA.

The operationof a BCA is diagrammedin Figure 3.2. As in the Turing Machinemodel,
informationis storedin anin�nite one-dimensionaltape,whereeachcell containsoneof a �nite
setof symbols.Thecomputationproceedsin steps,wherein eachsteptheentiretapeis translated,
accordingto a given rule table, into a new tape. The translationoccurslocally andin parallel;
pairsof two cellsareread,andwhich two symbolsarewritten is governedby look-up in a rule
table5. It is of critical importancethatthereadingframe(which cellsarepairedtogether)strictly
alternatesfrom stepto step.

Thesetof entries
	

� � 
����
� ��� 


�

� � is calledtherule table,or theprogram,of theBCA. By
appropriatelydesigningtherule table,theBCA canbemadeto performusefulcomputation.In
fact,BCA arecomputationallyuniversal.A BCA with �
� � � symbolscansimulatein lineartime
theoperationof aTuringMachinewith � tapesymbolsand� headstates– theproofis analogousto
thatin LindgrenandNordahl(1990).ThuswecanconcludethataBCA canbeusedto answerany

3Theinspirationfor thisapproachcomesfrom theproofof theundecidabilityof theTiling Problem(seeGrünbaum
andShephard(1986),Chapter11).

4BCA (Wolfram1994)arealsoknown aspartitioningCA (Margolus1984)andas2-bodyCA or particlemachines.
They generalizethelatticegasmodel(Hardyetal. 1976),andarecommonlystudiedin two dimensions.

5If thetablecontainsmultipleentriesfor agivenpairof readsymbols,thentheBCA is saidto benondeterministic.
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Figure3.2: Operationof a BCA. The tapeof a BCA, divided into cells, is shown at thebottom
right. Eachcell containsone of threesymbols: blank, black dot, or white dot. The tapesat
successive time stepsarestackedverticallyabove theinitial tape.Theinset,left, detailstheform
of a rule tableentry, whichgovernshow new tapesarecreated.

questionwhich canbephrasedin termsof a computerprogram.SmallBCA have beendesigned
whichsortlistsof integers,computeprimes,andmany othertasks.

A few morecommentsarein orderconcerningtheabstractmodelof blockedcellularautomata.
First we considerthe �nite-size case. In any attemptedimplementationof a BCA, we cannot
actuallyconstructanin�nite tape.Thusboundaryconditionsbecomeimportant.We considerthe
following cases:

(a) No updateof boundaries.We startwith a �nite tapeof length � � ; at eachstepthe tape
become� cellsshorter;andafter � stepsthecomputationcanproceedno further. Thiscase
is notuniversal.

(b) Inactive boundaryconditions.Whenever thereis anunpairedcell at eitherendof thetape,
it is copiedverbatimonto thenew tape. The taperemainsalwaysthesamesize( � cells),
andthusthereareonly �

� possibletapes.As thecomputationmustbegin to cycle after �
�

steps,thiscaseis alsonotuniversal.

(c) Periodicinitial conditions.On eithersideof the input cellswe specifya repeatingpattern
of symbols. Startingwith just onecopy of the periodicblock on eithersideof the input,
computationproceedsasin (a), but if the tapegetstoo short,we addanothercopy of the
periodicblock to eithersideof theinput tapeandstartthecomputationanew6. Thiscaseis
universal.

(d) Self-regulatedboundaryconditions.Dependinguponwhatsymbolis in theboundarycell,
thenew tapewill eithershrink(asin (a)) or expandby appendinga new cell to theendof
thetape.Thiscaseis alsouniversal.

Finally, a word on how anansweris obtainedfrom theBCA. This is a matterof convention.
Typically, whenthe computationis done,the answeris written on the �nal tape. But how is it
known whenthecomputationis done?Onepossibilityis thatthetapestopschanging;thesystem
hasreacheda�x ed-point.Howeverin thispaperwewill considerthatacomputationis donewhen
a specialsymbol,calledthe halting symbol, hasbeenwritten for the �rst time anywhereon the
tape.

6By memorizingboundarycells,wecanavoid re-computingany cellsandmake thecomputationmoreef®cient.
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Simulation of BCA by DNA

We will now show how to useDNA to constructa BCA. In this sectionwe will optimistically
show whatchemicalreactionswe hopewill occur;in thefollowing sectionwe considerpotential
dif�culties in �nding conditionssuchthatthey will in factoccuraswehave described.

The DNA representationof the BCA tapeis a little counter-intuitive, so we will explain by
example. Figure3.3 shows part of theDNA moleculeencodingthe initial tape(the input to the
computation).To eachtapesymbolcorrespondsa shortoligonucleotidesequence,whichappears
in theinitial moleculeasasticky endoverhangin theappropriatepositions.Therestof theDNA in
eachsegmentdoesnotvarywith content,andis chosento maximizestructuralstability. Notethat
thereadingframeis implicit in thestructuralform of theDNA. AlthoughFigure3.3is schematic,
the2D pictureis meantto imply thatthewholeDNA complex is roughlyplanar. This is critical,
andluckily, it is physicallyplausible.

C

DNA:

A A C

B C A

BCA:

A A C

B A

Figure3.3: Encodingtheinitial tapein aDNA molecule.Thesequenceof sticky endsin theinitial
moleculeencodesthe initial tapeof the BCA. Thus`A' denotesa symbolin the BCA diagram,
whereasin theDNA diagramit denotestheuniquesequenceof basesassociatedwith thatsymbol.

Therearea variety of waysto make the initial molecule.Note that the initial moleculecan
be thoughtof as consistingof several doublecrossover junctions(from Figure 3.1H, with the
modi�cation thatthetopandbottomstrandsaremadeto beanoddnumberof half-turnsin length
– seeFigure3.6 for detail) linked togetherby piecesof linearhelicalDNA. Thesticky endscan
bedesignedsuchthatonly thisuniquemoleculewill self-assemble7. Ligasecanbeaddedto make
thesegmentsof theinitial moleculecovalentlybonded.

Wewill now explainhow theprogram,thatis theruletable,of theBCA is representedin DNA.
For eachrule,e.g. � � 
���� � ��� 


�

� , we createa doublecrossover moleculewhosesticky endson
onehelix are � and � , andontheotherhelix � and �

8 (seeFigure3.6).All suchrulemoleculesare
addedto thesolutioncontainingtheinitial molecule.As shown in Figure3.4,whatis requiredfor
computationis thatrulemoleculeswill annealinto positionif andonly if bothsticky endsmatch.

Eventually, a triangularlatticeof linked DNA will form, simulatinga triangularregion of a
BCA correspondingto boundaryconditions(a) or (c) in Section3.1.3 above (seeFigure3.5).
Boundaryconditions(b) and(d) canbesimulatedby usingspecialrulemoleculesfor theedgeof
thelattice;thedetailsarenotpresentedhere.Notethateachlevel of thelatticehasasinglestrand

7It is easyto seethatsticky endsequencescanbechosen,usingthesametechniquesasAdleman(seeSection3.1.2),
suchthat a periodicinitial moleculewill form, creatingperiodicinitial conditionsasmentionedin Section3.1.3(c)
above. Similarly, a regularlanguageof inputscouldbemadein parallel.

8Thelengthsof all partsof therule moleculesarechosento beconstantfor simplicity, but it is conceivablethatby
usingvariablelengthaswell assequenceto encodesymbols,greaterspeci®citycouldbeachieved.
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Figure 3.4: Rule table moleculesassembleinto the lattice. We seefree-�oating rule table
moleculesaboveandtheinitial moleculeatthebottom(bothcorrespondto theBCA in Figure3.2).
A rule tablemolecule,with sticky ends� and

�

, is aboutto annealto theinitial molecule.At the
left, arulemoleculewhichmatchesonly at

�

will ultimatelynotstick. Notethattherulemolecule
with sticky ends

�

and
�

will alsonot stick, becausetheorientationof its strandsis wrong; this
rulemoleculewill beusefulonalternatelevelsof thelattice.

of DNA which travels theentirelengthof the latticeat that level, andwherethecodedsymbols
occurin thesequencein in which they occurin theBCA at time � .

Level 3

Level 0

Level 1

Level  2

Level  t

Figure3.5: TheDNA latticeresultingfrom a �nite initial molecule.At thechosenannealingtem-
perature,which is above themeltingtemperaturefor � base-pairannealingbut below themelting
temperaturefor � � base-pairannealing,nomorerulemoleculescanstablyattachto thisstructure.
However, if the bottom level (the initial molecule)wereextended,thena larger trianglecould
form. � is thelengthof thesticky endsin therulemolecules.

Finally weask,how canweaccesstheoutputof thecomputation?Thisbreaksdown into two
questions:How doweknow whenthecomputationis done?And whatis onthetapeat thatpoint?
Therearemany possibleapproachesto take;herewewill merelysketchone.As mentionedabove,
wewill considerthecomputationto bedonewhenaspecialhaltingsymbolis writtenonthetape9.
In DNA, thiscorrespondsto thespecialsticky endmotif beingincorporatedinto thelattice.When
thisoccurs,themotif will bepresentasadouble-strandedmoleculefor the�rst time,andthissite

9At this point otherpartsof the tapewill typically ªnot knowº that the computationis done,so the lattice will
continueto grow. However, it is alsopossibleto designthecellularautomatonsuchthatall cellsgo into a specialstate
to halt computationat thesametime(theFiring SquadProblem,seee.g. Yunes(1994)),therebyallowing usto design
linearpiecesof DNA which ®t into thegapsat the®nal level of the lattice,so that it cannotgrow further. This may
make extractionof the®nal tapecon®gurationeasier.
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canbe be chosenasthe recognitiondomainfor a binding protein10, which could, for example,
subsequentlycatalyzea phosphorescentreaction,turningthesolutionblue. To determinewhatis
“on thetape”at thispoint, it is necessaryto extractthesinglestrandof DNA correspondingto the
�nal level of theBCA. To do this, �rst addligaseto covalentlybondall theannealedsegments11.
Thenaddresolvaseto breakall thecrossover junctions12. Finally, heatto separatethestrands,and
useaf�nity puri�cation to extract thestrandcontainingthehaltingmotif. Amplify andsequence
thatstrandhowever youdesire(e.g. via PCRandstandardsequencinggels).

To summarizethemodelsuggestedhere,acomputationwouldproceedasfollows.

1. First, expressyour problemvia computerprogram.Convert thatprograminto a (possibly
nondeterministic)blockedcellularautomaton.

2. Createsmall molecules(H-shapedand linear) which self-assembleto createthe initial
molecule(or initial molecules,if searchover a FSA-generatedsetof stringsis desired).
Add ligaseto strengthenthemolecule.

3. CreatesmallH-shapedmoleculesencodingtherule tablefor yourprogram.

4. Mix themoleculescreatedin steps2 and3 togetherin a testtube,andkeepunderprecise
conditions(temperature,saltconcentrations)astheDNA latticecrystallizes.

5. When the solution turns blue, ligate, cut the crossovers, and extract the strandwith the
haltingsymbol.

6. Sequencetheanswer.

Analysisand Estimates.Will it work?

Let'sbegin theanalysisoptimistically. Theaboveconstructionis justoneimplementationpossible
in a generalclassthatmight becalled“crystal computation”13. In this class,we designa system
wherewe cantailor-make theenergy (andhencefreeenergy) asa functionof thecon�guration.
We designit suchthat the lowestenergy state(or in our case,the lowest free-energy stateat a
given temperature)uniquely representsthe answerto our computation. This is closely related
to the approachtaken by Hop�eld (1982) in his seminalwork on neuralnetworks. In our case
thelowestenergy con�guration is onewhereevery rule moleculehasall four sticky endsbound.
Given the presenceof the initial molecule,this canonly occur if the computationproceedsas
desired.

Theabove analysisis a simpli�cation thatfails to take into considerationmany aspectsof the
proposedimplementation.For example,it completelyignoresthedynamicsinvolved;onesimply
annealsat a slow enoughschedule,the argumentgoes,andthe crystalis the result. Whereasin

10Theproteinmusthave anactive boundform, andinactive unboundform. Furthermore,wemustbesureit doesn't
bind to rulemoleculesin thesolution.

11It is avalid concernthatligasemaynotbeableto bindto any but theoutermoststrandsin a lattice.It maybebetter
to reversetheorderof theligaseandresolvasesteps.

12Although a resolvasehasbeenshown to cut crossovers in double-crossover molecules(Fu et al. 1994),it is un-
known whethertheenzymewill befunctionalon theinnerstrandsin thelattice.However, theenzymemaybeableto,
atdiminishedspeed,work from theedgesin.

13It hasbeensuggestedthatwe shouldn't usethetermªcrystalº,becauseit hasa well-de®nedspecialmeaning.At
best,ourconstructionsyield ªpseudo-crystalsº,becauseany usefulcomputationis aperiodic.Webeg thereaderto give
usslackin usingthis term.
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factthecrystallizationproceedsat theedgesonly, accordingto kineticsthatsigni�cantly in�uence
theresult.

Cana temperaturebe foundsuchthat two sticky endsboundis stable,while onesticky end
boundis unstable? In other words, let �

�

, �

	

, and �

A be the melting temperaturesfor a rule
molecule�tting into a latticeslot whererespectively 0, 1, and2 of thesticky endpairingsmatch.
We want to keepthe test tubeat a temperature� suchthat �

�


 �

	


 � 
 �

A . This should
be possible,but how large is the differencebetween�

	

and �

A ? Although this is unknown for
theparticularmoleculeswe use,we cangetsomeideaby looking at what's known aboutlinear
DNA annealing.For example,understandardconditions20 base-pairoligonucleotides(repre-
sentingrule moleculeswith two length10 sticky endsbound)melt at � ��� C, while 14 base-pair
oligonucleotides(representingrule moleculeswith only onelength10 sticky endbound,andthe
othermatchingpartially) melt at

�

m

� C (Wetmur1991). �

���

�

� C would thendiscriminate
the two cases.However, the analogyof rule moleculeswith two separatebinding domainsto
variable-lengtholigonucleotideswith continuousbindingdomainsis questionable.

A de�niti ve answerto “But will it work?” requiresa chemist's knowledgeandactualexperi-
ments.But we canimmediatelybring somemoreconcernsto light. SinceI do not have answers
to them,I will merelymentionthemin passing.First, to readout ananswerof morethanonebit,
our implementationrequiresligating therulemoleculesandcuttingthemwith resolvase.It is not
at all clearthat, in thecrowdedcon�nes of the DNA lattice,eitherligaseor resolvasewill have
roomenoughto performits job14. Second,it is possiblethat,at a low rate,incorrectruleswill be
incorporatedinto the lattice. If this occurs,thecomputationis ruined. It is thusnot clearat this
timewhatyieldsof correctcomputationareto beexpected,andwhetherameanscouldbedevised
to separatethegoodfrom thebad.It is additionallyconceivablethatstablestructuresform in the
solutionunconnectedto the initial molecule. For example,four rulesmoleculescould connect
in a stable“diamond”; we might think that thesecomplexeswill only rarelybeformed,because
theintermediatestepsareunstable(only onesticky endjoins molecules),andfor similar reasons
they wouldgrow slowly. However, they andothertypesof spuriousconnectionsandtanglescould
form, ruining thecomputation.A �nal concernis that theremaybesomesystematicmolecular
stressor strainthatcomesinto play whenbuilding a largecrystal,andthatbeyonda certainsize
tearingwould result.All theseissues,andsurelyothers,deserve moreattentionandstudy.

If for themomentwesupposethattheimplementationoperatescorrectly, let usconsiderwhat
advantagewouldbederived.Take thefollowing with abucket of salt:First,asmallrulemolecule
(seeFigure3.6for aclose-up)consistsof 50base-pairsof DNA, suf�cient for sticky endsof length
5, which givesus � � � symbols15. That's 33 K Dalton/ rule molecule,with a sizeprobablyless
than20x 44x 85Angstroms,for 3 bits / rulemolecule.

Assessingspeedis evenmorespeculative. Supposeweperformacomputationof a � � � � � -cell
BCA with inactive boundaryconditions,andcomputefor � � � � � time steps.Supposeit takes1
secondfor aruleto �t in whenitsslotis exposed.Sincethe

�

� � � slotsaresimultaneouslyexposed,
all shouldbe�lled in approximately1 secondonaverage.Thisleadsto aroughestimateof 3 hours
for computingthe � � � � �

A

cell lattice.Using1kgof DNA, wecouldassemble� �
	 � rulemolecules,

14If thereis an anglebetweenthe planeof the lattice anda rule moleculewhich hasjust ®t in place,thenin our
construction,an oppositeangleis formedwhena rule molecule®ts into thesubsequentlayer. Consequently, the 2D
lattice,ratherthanbeingperfectlyplanar, folds backandforth like a paperfan,which we call a ªcorrugatedºlattice.
The corrugatedlattice exposesmoreof the doublehelix strandsin eachrule molecule,possiblymakingthe strands
moreaccessibleto ligasebut makingthecrossoverslessaccessibleto resolvase.

15We optimisticallyrequireonly 2 mismatchesbetweensequencesrepresentingdiffering symbols.We alsorequire
thecomplementof asymbol'ssequencedoesnotcodefor asymbol,andthateverycodesequencehas3 C-Gbondsand
2 A-T bonds,for moreconsistentmeltingtemperatures.
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85 A

34 A

44 A

g(x,y)f(x,y)

x y

Figure3.6: Detail of a small rule molecule. This is the smallestDAE/even style rule molecule
possible.It hassticky endsof length5, andinternalregionof length10. Everybasepair is shown.

that is, � � 	�	 suchcalculationsin parallel. That leadsto a total of � � 	�� operationsper second16.
Thereis no lab work to bedoneduring this themajorstagein thecomputation.Of coursetime
wouldalsoberequiredin theinputandoutputstages.

OpenQuestions,Extensions,and Other Speculation.

In additionto theessentialquestionof whetherthe ideasabove canbemadeto work in the lab,
therearemany otherissuesto beinvestigated.

How energy-ef�cient is crystal computation? It is interestingto notethat what might be
calledthecomputationproper(crystallizingtheDNA lattice)theoreticallyrequiresarbitrarilylittle
energy, aswill bearguedin thefollowing sections.Of course,agreatdealof energy maybeusedto
heatthemixtureup,to pulsethetemperatureto dissolvedefects,or to applyothererror-correcting
mechanisms.Furthermore,the input andoutputstagesrequiresynthesisandanalysisof DNA
molecules,andthusalsomuchenergy. Our proposalis possiblythemostnearlyimplementable
exampleof theprinciplethatcomputationis free,but inputandoutputarecostly(Bennett1973).

Why usethe DAE structure for rule molecules?Clearly theparticularchoiceof molecule
is not of intrinsic importanceto the ideaof this construction.The logical essenceis to have an
“H”-shapedmoleculewith four designablesticky ends.At its simplest,onecouldimaginemaking
the“H” out of two chemicallycross-linked strandsof DNA (Figure3.7a).Anotheralternative is
theslightly largersinglecrossoverHolliday junction.However, it is importantfor theconstruction
of thelatticethatthetwo linearpiecesin the“H” beplanar;Holliday junctionshave beenshown
to prefera (�e xible) �

�
� skew angle(Eis andMillar 1993).Thechemicallylinkedstrandsimag-

ined above have not yet beencharacterized.The reasonwe proposethe large doublecrossover
molecules17 is that they have alreadybeencharacterizedin the lab andare thoughtto be rigid

16Thiscomparesto 300GFLOPS( � Y�L

E

� basicoperationspersecond)attainableby thebestmodernsupercomput-
ers,e.g. a7000processorIntel Paragon.Of course,theªoperationsºwecompareareapplesandoranges.

17Ned Seemansuggestedwe considerdoublecrossover moleculesas an improvementover the more awkward
branchedjunctionconstructionswewereoriginally considering.
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(a)
x

f(x,y) g(x,y)

y

f(x,y) g(x,y)

x y

(b)

x y

f(x,y) g(x,y) f(x,y) g(x,y)

x y

(c)

x y

f(x,y) g(x,y)

(d)

x y

f(x,y) g(x,y)

(e)

x y

g(x,y)f(x,y)

x y

g(x,y)f(x,y)

Figure 3.7: Alternative Topologiesfor 2D Lattice. (a) Rule moleculesbasedon cross-linked
DNA. (b) DAE rule moleculeswith an odd numberof half-turnsbetweenjunctionson adjacent
molecules.(c) DAE rule moleculeswith even-lengthspacing.(d) DAO rulemoleculeswith odd-
lengthspacing.(e)DAO rulemoleculeswith even-lengthspacing.
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(which mayhelpprevent tangledlattices)andplanar(Fu andSeeman1993). We choseDAE in
preferenceto othertopologicalvariantsof doublecrossover molecules,suchasDAO, becausethe
topologyof the rule moleculeleadsto a different “weave” of DNA strandsin the lattice (Fig-
ure3.7bcde).We preferto have a singlestrandwhich, if covalently linked, runsalonganentire
level of thelattice,thusencodingtheBCA statefor thattimestep.

Why a 1D BCA? Why not build a 3D lattice to simulate a 2D BCA? We startedwith 1D
BCA becausethey canbeimmediatelyexploredusedexistingDNA technology. Two dimensions
offers several advantages,however, sucheasierdesignof ef�cient computations.Perhapsmore
importantly, in higherdimensionsit becomeseasierto designerror-tolerantrules(GacsandReif
1988); intuitively, point defectsin 2D canbe �lled-in from adjacentcorrectly-computedcells,
while in 1D a point defectseverscommunicationbetweentheleft andright side.Openquestion:
Can the DNA rule moleculesbe modi�ed so as to build 3D DNA lattices? Speculatively, one
could proposea variantof the doublecrossover Holliday junction, the “multiple stranddouble
crossover junction” (Figure3.8),asa meansto implementtheread-4,write-4 operationrequired
by 2D blocked cellularautomata(seee.gToffoli andMargolus(1987),Ch. 12). Unfortunately,
theproposedbuilding-blockmoleculehasnotyetbeensynthesized.

A
B

C

D

f3(A,B,C,D)

f4(A,B,C,D)

f2(A,B,C,D)

f1(A,B,C,D)

Figure3.8: A possible3D latticeof DNA for simulating2D BCA. FourDNA doublehelicesmay
beboundtogetherby crossover junctions(left). Sticky endsdetermine2D BCA rulesastherule
moleculesassemblein analternative cubiclattice(right).

Potential usesin nanotechnology. Herewehavesuggestedanapproachto molecularcompu-
tationviaprogrammableself-assembly. Programmableself-assemblymayhaveotherapplications.
Openquestion:Cancellular automatageneratedlatticesbeusedto de�ne ultra-highresolution
electronic circuits?Onepossibility, alongthelinesinvestigatedby RobinsonandSeeman(1987),
wouldbeto conjugatenano-wireontoindividualrulemolecules,suchthatwhentherulemolecules
�t together, anelectricalcircuit is formed.Thisproposaldiffersfrom RobinsonandSeeman'ssug-
gestionin that whereasthey envisioneda periodiclatticeof identicalmemorycells,we suggest
thatcellularautomatarulescouldbeusedto build morecomplicatedcircuits,eitherin 2D or 3D.

Why useDNA at all? Theprincipleof computingvia crystallizationis notrestrictedto DNA.
Openquestion18: Cannon-DNA-basedmoleculescouldbeusedto designdesired computations
carriedouton thesurfaceof a growingcrystal?

18SuggestedbyStuartKauffman,privatecommunication.
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3.1.4 Comparisonwith Other Approaches

Perhapsthemostpracticalsuggestionfor universalcomputationvia DNA is thatof Bonehet al.
(1996a).Their approachmakesstraightforward useof well understoodlaboratorytechniquesfor
manipulatingDNA. They areableto simulatenondeterministicbooleancircuits,whichseemsvery
ef�cient for somecalculations,andwhich givesthemuniversalcomputationalability. Because
circuitsallow non-localinteractionsof variable,circuitscanbeverycompact.However, it should
bepointedout that thecomputationrequiresa lab technicianto sequenceoperationson multiple
testtubes;the logic of the programbeingcomputedis externalto the DNA, which is usedasa
memory. Small scalecomputationscouldbe immediatelyattemptedwith reasonablechancefor
success;however dueto the weaknessof single-strandedDNA andotherfactors,it is not clear
how thisapproachwill scale.

Otherauthorshave proposedDNA implementationsof TuringMachinesdirectly (e.g. Beaver
(1996),Smith (1996),Rothemund(1996)). The approachesvary from usingPCRto relying on
restrictionenzymes.Theseapproachesshow promise,althoughthereliability andef�ciency of the
stepsis unclear. Furthermore,single-tape,single-headTuring Machinesareparticularlycumber-
somelogically; circuitswill typically computethesamefunctionin many fewer steps(andsingle
stepstake comparabletime in bothsystems– on theorderof hours!). In short,althoughthey are
of theoreticalinterest,it is unlikely thatanyonewill actuallygo into the lab andsolve problems
thisway.

Our hypotheticalcellular automatonimplementationdiffers in a numberof ways: First and
foremost,our proposalis a “one-pot” reaction.Dumpin therule moleculesencodingyour prob-
lem, andall the logic of thecomputationis carriedout autonomously. No lab work is involved.
Furthermore,in additionto runninga massive numberof computationsin parallel,eachcellular
automatonperformsits own computationin parallel– thusfully exploiting theparallelismavail-
able.Themajorandsigni�cant drawbackof our proposalis thatit makesuseof chemistrywhich
is not yet fully understood,andthusgoing into the lab to do a computationthis way would bea
realtechnicalchallenge.

Themainconclusionof thispaperis thatannealingandligationalonemaybesuf�cient for uni-
versal“one-pot”DNA computation.Whethertheparticularschemeenvisionedherecanbemade
to work in thelab is a matterfor furtherresearch.In any case,it is clearthatbetterexperimental
characterizationof thechemistryof annealingis required,andmayopenup new possibilitiesfor
DNA basedcomputation.

3.2 Graph-Theoretic Modelsof DNA Self-Assembly

Abstract19 In this paperwe examinethecomputationalcapabilitiesinherent
in the hybridizationof DNA molecules.First we considertheoreticalmod-
els, and show that the self-assemblyof oligonucleotidesinto linear duplex
DNA canonly generatesetsof sequencesequivalentto regular languages.If
branchedDNA is usedfor self-assemblyof dendrimerstructures,only setsof
sequencesequivalentto context-free languagescanbeachieved. In contrast,
theself-assemblyof doublecrossover moleculesinto two dimensionalsheets

19Resultsin thissectionalsoappearin Winfreeetal. (in press).Thanksto DanAbrahams-Gesselfor suggestingthe
context-freegrammarresult.
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or threedimensionalsolidsis theoreticallycapableof universalcomputation.
The proof relieson a very direct simulationof a universalclassof cellular
automata.

A fundamentalpropertyof DNA is that,undertheright conditions,Watson-Crickcomplemen-
taryregionsof single-strandedDNA will hybridizeandform adoublehelicalstructure.Thisprop-
erty, in vitro andin vivo, canleadDNA to assumea remarkablediversityof geometricforms20.
Undercertainsimplifying conditions,thebehavior of hybridizationis suf�ciently predictableto
beconsideredasa computationalprimitive; i.e., a function from initial oligonucleotidesto �nal
supramolecularstructuresis computed. The computationalaspectsof self-assemblywere ex-
ploited for the �rst time in Adleman(1994),wherelinear self-assemblywasusedasa stepin
solvingtheHamiltonianPathProblem.Whentheself-assemblyof tree-like structurestakesplace,
dueto thepresenceof branchedjunctions,a slightly morepowerful computationresults.We re-
view a two dimensionalgeneralizationcapableof universalcomputation,assuggestedin Winfree
(1996b),andalsosuggestaconcretethreedimensionalself-assemblyprocess.

In order to understandthe computationalimplicationsof DNA hybridization,we will �rst
considera highly abstractedmathematicalmodel. Thephysicalsystemwe would like to model
canbedescribedasfollows:

Synthesizeseveral sequencesof DNA. Mix theDNA togetherin solution. Heat
it up andslowly cool it down, allowing complexesof DNA to form. Chemicallyor
enzymaticallyligateadjacentstrands.DenaturetheDNA again,andask,whatsingle-
strandedDNA sequencesarenow presentin thesolution?

A properanswerto this questionis beyond our capability, andrealisticallydetailedmodels
mightnotbeenlighteningregardingthelogicalessenceof self-assembly. Wethereforeinvestigate
very simplemodels,which, nonetheless,aresuf�ciently realisticthat translationinto realworld
scenariosshouldbe direct. We will considera numberof propertieswhich DNA self-assembly
maybepostulatedto obey, andwewill analyzethecomputationalcapabilityandthelimits of any
self-assemblyprocesswhichobeys thoseproperties.

Informally, thepropertiesweconsiderare:

1. ConstantTemperature. Thenumberof base-pairsrequiredfor thestabilityof DNA com-
plexes doesnot changeduring the courseof the self-assembly. We thus don't consider
annealing,whereat high temperaturesonly long regionswill hybridizebut later at lower
temperatureseven shortregionscanhybridize,but ratherwe modela “constanttempera-
ture” process.

2. Perfect Watson-Crick Complementarity. Hybridizationonly occursbetweensequences
with perfectWatson-Crickcomplementarity. Hybridizationof mismatchingsequences,or
thatwhichcreatesbubbles,branchedjunctions,triple helices,andotherunusualstructures,
is notconsidered.

3. Permanent Binary Events. All self-assemblyinteractionsoccurbetweentwo complexes
at a time,andnomore.Theseinteractionsareexclusively hybridizations,joining two com-
plexestogether. Furthermore,in themodeloncetwo complexesjoin, they never dissociate.

20In vivo, not only is theresingle-strandedanddouble-strandedDNA, but branchedjunctionsare formedduring
recombination,andtrypanosomesmaintaincomplex networksof circularDNA within whichRNA editingoccurs.
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4. No Intramolecular Events. A DNA complex which hasself-assembledwill not interact
with itself, for exampleby cyclizing. Note,however, thatsomephysicallyintramolecular
interactionscanbemodeledasapartof abinaryevent,asdiscussedbelow.

5. Single vs Multiple Binding Regionsper Event. We will considertwo cases:either(a)
eachbinaryhybridizationeventcreatesasinglecontiguousWatson-Crickregion,else(b) the
binaryeventsmayresultin theformationof severalphysicallyseparatedhybridizedregions
betweenthetwo complexes.Thelattercaseis meantto modelphysicalsituationswherean
intermolecularhybridizationis immediatelyfollowed by an intramolecularhybridization.
Thecaseweareinterestedin is discussedin Section3.2.5(seeFigure3.15).

6. Speci�ed Classesof Initial Complexes.Becauseof ourconstant-temperatureassumption,
it becomesusefulto assumethatsomecomplexeshave alreadyformedprior to thestageof
self-assemblywhichwewill consider. Laterin thepaper, wewill considerinitial complexes
which consistof (a) oligonucleotides,(b) duplex DNA with sticky ends,(c) hairpinswith
sticky ends,(d) three-armedjunctionswith sticky ends,(e)doublecrossovermoleculeswith
hairpinsandsticky ends,and(f) arbitrarycomplexes.

Properties(1), (2) and (3) are usedprimarily for logical simplicity. If Property(4) were
changedto allow intramolecularevents,it is possiblethat someof our resultswould beslightly
modi�ed. We will analyzehow our resultschangeunderdifferentchoicesfor Properties(5) and
(6). In Section3.2.5,we imposeanadditionalpropertyin orderto incorporategeometricalcon-
siderationsfor latticeself-assembly.

3.2.1 LanguageTheory and Grammars

Beforewe presentour modelof DNA self-assembly, we shouldcommenton what it meansto
computeby self-assembly. As mentionedabove, the typical caseis that onestartswith a small
varietyof synthesizedoligonucleotides,andoneendswith greatvarietyof self-assembledstrands.
Theresultingstrandsarenot random;they have certainpropertiesthatderive from beingformed
from theoriginaloligonucleotidesaccordingto certainrulesof hybridization.

An analogoussituationarisesin formal languagetheory, which hasbeenwell understoodfor
many years.There,ratherthantesttubesof strands,oneis interestedin setsof symbolicstrings,
andin methodsof generatingthem. We will sketchthe basicshere;for a full developmentsee
Ginsburg (1966).

An alphabetisa�nite setof symbols,for example
	

�




�


 � 
 � � or
	

� 
 �
� or
	

� 
�� 
�� 
�� 
 ��
�� 
�� � .
A string over an alphabetis a �nite sequenceof symbolsfrom the given alphabet,for example

�

�

�

� �

or � � � � � � or � � � � ����� . A language is a well-de�ned,possiblyin�nite setof strings,
for example

	

all stringsover
	

�


 � � of length � � � or
	

all primenumbers,written in binary � or
	

all well-formedformulasover
	

� 
�� 
�� 
�� 
 ��
�� 
"� � � .
Althoughonecannotwrite down eachandevery string in an in�nite language,onecanask

the membershipquestion: is string � in language
�

? Note that if the language
�

containsall
bit strings � for which function

�

� � �

�

� , thethemembershipquestionis equivalentto boolean
functionevaluation.Themembershipquestionmaybeharderor easierto answer, dependingon �

and
�

. Formal languagetheorygoesto greatpainsto classifylanguagesaccordingto how fancy
thecomputermustbeto answerthemembershipproblem.We sketchthefundamentalresultdue
to NoamChomsky, known asthelanguagehierarchy. This requiresformalizingthespeci�cation
of languagesby generative rules.
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A rewriting rule � � � , where � and � are strings,speci�es that a string �

�

�

��� can
be rewritten to producethe new string � �

�

�

��� . A grammar � is a collection of rewriting
rulestogetherwith a division of thealphabetinto two groups:terminalsymbolsandnonterminal
symbols, whereonly nonterminalsappearon theleft handsideof rewriting rules.Eachgrammar
uniquelyde�nesa language

���

asfollows: thestringof terminals� is in
���

iff it canbeobtained
from thespecialnonterminal� by therepeatedapplicationof rewriting rulesin someorder(called
aderivation).

Grammarsmaybeclassi�edby whatkindsof rulesthey use.We give examplesof thethree
mainclassesbelow:

Regular grammars userulesof theform
�

� �

� and
�

� � where
�

and � arenonterminal
symbolsand� is astringof terminals.Languagesgeneratedby regulargrammarsarecalled
regular languages.For example,considerthe regular grammar ���

�

	

� � �#� 
�� �

� �

�� � � 
 � � � ��
 ��� � � 
 ��� �
� where0 and 1 are terminals. This grammar
gives rise to all bit stringswith an even numberof 1's. � � � � � �

�

���	�

because� �

� � � � � � � � � � � � � � � �#� � � � � � � � � � � � � � � . Note thatduring the derivation
we alwayshave a singlenonterminalat theright, whereall theactiontakesplace.Despite
their apparentsimplicity, regular languageshave found extensive usein pureandapplied
computerscience,perhapsbecausetheir membershipquestioncanalwaysbeansweredby
anexceedinglysimpleabstractcomputerknown asa �nite statemachine.

Context-freegrammars userulesof theform
�

�

� whereagain
�

is a nonterminalsymbol,
but now � is an arbitrarystring of terminalsandnonterminals.Languagesgeneratedby
context-free grammarsare called context-free languages.Considerthe grammar ��


�

	

� � � � � 
�� � � 
�� � � � � 
�� � � � ��
�� � � 
�� � � 
�� � ��� where
the terminalsare

	

� 
�� 
�� 
�� 
 ��
�� 
�� � . This grammargives rise to well-formed formulas.
� � � � ��� �

�

�
�	�

because� � � � � � � � � ��� � � � � � � � � � � � � �����

� � � � � � � � � � � � � � � � � � � � � � � � � � � ��� � � . Notethatwhereasit is impossible
to generateregularlanguageswhosestringsall have long-rangestructure,onecangenerate
long-range“nested”structurein a context-free language– for example,every parenthesis
mustbematchedin theformulasabove. Context-freelanguagesincluderegularlanguages.
The membershipquestionfor context-free languagescanbe answeredby a slightly more
complex machineknown asanondeterministicpushdown automaton.

Unrestrictedgrammars userulesof theform
�

�

� wherenow
�

maybeanarbitrarystrings
of nonterminals,and � is anarbitrarystringof terminalsandnonterminals.Languagesgen-
eratedby unrestrictedgrammarsarecalledrecursivelyenumerable languagesbecausethey
includeevery languagewhich canbe generated(enumerated)by any computationalpro-
cess(recursion).Recursively enumerablelanguagesincludecontext-freelanguages,regular
languages,andmuchmore. They areas fancy asyou canget. A very simpleexample:
considerthe alphabet
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� andthe grammar���
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� � � wherethe terminalsare0 and1.
This givesrise to the rows of Pascal's trianglemod2. The third row � � �

�

�
�	�

because
� � �

�

� �

� �

�

� �

� ��
 �

�

� �

� ��
 �

�

� � �

�

� � � � . Later, we will make useof a
subclassof unrestrictedgrammarsequivalentto blockedcellularautomata,whichgeneralize
theexampleandwhicharestill capableof generatingall recursively enumerablelanguages;
thatis, they areuniversal. A surprisingconsequenceof universalityis thatthemembership
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questionfor recursively enumerablelanguagesis sometimesimpossibleto answer!

3.2.2 DNA Complexesand Self-AssemblyRules

Grammarsturn out to have a closerelationshipto the self-assemblymodelswe discusshere.
However, to make this relationshipprecise,wede�ne ourmodelformally.

A DNA complex21 is a connecteddirectedgraphwith verticeslabeledfrom
	

�




�


 � 
 � � ,
edgeslabeledfrom

	

�

���

� ��� ����
 �

�

��� �

�

���

� , with at mostoneincomingandoneoutgoingedgeof
eachtypeateachnode(thusatmostfour incidentedgestotal),andwherefor everybasepairedge

� � � thereis areciprocalbasepairedge� � � . Furthermore,all base-pairingin aDNA complex
mustbeWatson-Crick, that is, every basepairedgemustbewithin a subgraphisomorphicto one
of the10givenin Figure3.9a.
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Figure3.9: SomeDNA complexes. Solid lines representbackboneedges;eachdottedline rep-
resentsa pair of reciprocalbasepairedges.(a) The 10 Watson-Cricksubgraphs.(b) The valid
ligation site. (c) A strand,a duplex with sticky ends,a hairpin with a sticky end, a 3-armed
branchedjunction,andaDAO doublecrossover (DX) unit with sticky ends.

A DNA complex (just complex for short)representsseveralDNA polynucleotidesboundto-
getherby Watson-Crickhybridization. Note that this representationsupportsa rich variety of
DNA structures,but structuressuchastriple helicesaremissing;similarly, it is lackingnotions
of geometryandtopologicallinking. Also, we mustbecarefulbecauseit is possiblyto specify
physicallyimpossiblystructures.

It will be usefulto introducea few examplesof DNA complexes,shown in Figure3.9c. A
strandconsistsof a chainof backbone-connectednodes,with no basepairedges.Strandsmaybe
eitherlinearor circular. A duplex consistsof two strandswith contiguousbasepairedgesbetween
them.A duplex mayoptionallyhave a sticky-endon eitherend.An � -armed(branched)junction
consistsof � duplex armsarrangedarounda centralpoint. A doublecrossover unit (DX unit)
consistsof two adjacentduplexeswith two pointsof strandexchange22. For formal reasons,the
emptygraph 	 is aDNA complex.

We now de�ne someoperationson complexes. In our model,hybridizationis indicatedby
�

	

��


�

A
�

�

�

, where ��
 denotestheformationof basepairedges� betweennodesof
�

	

and

21Similar to theclusterin Beaver (1995).
22RealDX molecules(Fu andSeeman1993)comein a numberof geometricvarieties(we useªDAOº here),each

of which put constraintson thesymmetryandthenumberof nucleotidesbetweencrossover points. We ignorethese
constraintsin thetheoreticalsection.
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nodesof
�

A . If the graphconsistingof both
�

	

and
�

A and the edges� is a DNA complex,
then

�

�

is thatgraph;else
�

�

�

	 (for example,if a new edgejoins two � 's). Thehybridization
operationwill beusedto describeself-assembly, below.

To analyzethecomplexespresentafterself-assembly, weintroducetwo otheroperationsbased
on ligation anddenaturing.

�

�

���

�

�

�

� � �

�

� is obtainedby addinga backboneedgefrom node�

to node
�

in everyoccurrenceof thesubgraphshown in Figure3.9b,solongasnodes
�

and � have
nootherincidentbackboneedges.

To model the denaturingof a complex, we de�ne
	

�

� �

���

� �

�

� �

�

� �

�

� to be the set of
all strandsin

�

, i.e.,each
�

� is a backbone-connected componentof
�

(with nobasepairedges).
Notethatif

�

containstopologicallylinkedcircularstrands,thendenaturewill “magically” unlink
themfrom eachother23.

In analogyto formal languagetheory, we de�ne a language of DNA complexesto bea well-
de�ned,possiblyin�nite setof DNA complexes.We cangeneratea languageof complexes

�����

�

by applyingself-assemblyrules
�

to an initial language
�

, usually�nite 24. Therules
�

specify
whichhybridizations

�

	

� 


�

A �

�

�

areallowed.Let �

�����

� bethetransitiveclosureof
�

underall
allowedhybridizations.In otherwords,(a)

�
	

�

�����

� , (b) if
�

	




�

A
�

�

�����

� and
�

	

� 


�

A
�

�

�

is allowed, then
�

�

�

�

�����

� , and(c) no othercomplexesare in �

�����

� . Now let
�����

�

	

�

�����

�

consistof thosecomplexesfor whichnofurtherhybridizationis allowed;thesearecalledterminal
complexes. Loosely,

�
���

� is meantto model the DNA structureswhich would form given an
in�nite volumeof DNA andin�nite time, presumingthat only the hybridizationsallowed by

�

arephysicallyrelevant,andignoringtransientstructures.
We will be especiallyinterestedin the self-assemblyrules25 �

�

	

which allow
�

	

� 


�

A
�

�

�




�

	 iff (1) thesubgraphof
�

�

inducedby � containsexactly two � -mer (or longer)strands
and(2) at mosttwo edgesleadto or exit from this subgraph.Thus,

�

�

	

allows only hybridization
of suf�ciently longsticky-ends,asillustratedin Figure3.10.

B

Figure3.10: A hybridization
�

	

� 


�

A �

�

�

allowedby
�

�

	

. Theedgesof � areemphasizedin
�

�

, andthesubgraphinducedby � hasadottedboxaroundit.

Both �

�

�

�

� � and �

� �

�

� �

�

� canbegeneralizedto setoperationsby applyingtheoperationto
eachcomplex in theoriginal set,andtakingtheunionof all complexesthat result. Sincesingle-
strandedDNA canbe identi�ed with its sequence,written 5' � 3', we canconsider�

� �

�

� �

�

�

23Circularstrandsarenotnecessaryin our constructions,but they mustbeconsideredin Theorem2(2).
24Logiciansmaythink of � asªaxiomsºwhile � maybethoughtof asªinferencerulesº.
25Thesubscriptª1ºis usedbecausetheserulesgive riseto essentiallyone-dimensionalcomplexes.
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to bea functionfrom setsof complexesto setsof stringsover
	

�




�


 � 
 ��
�� � , where � is usedto
indicateacircularDNA strand.

Finally, we note that to representstringsin alphabets� other than
	

�




�


 � 
 � � , we may
usea pre�x-freecodebook� which assignsto eachsymbol � in � a string � � over

	

�




�


 � 
 � �

suchthat no string is a pre�x of anotherstring. A DNA sequence�

�

�

	

�

A

����� �

�

can then
be translatedinto a string � ��� � over � by scanningthrough � from left to right: if � � begins a
subsequenceof � whichexactlymatchessome� � , then � � is replacedby � , else� � is erased;then

� �

= 	

is processed,andsoforth. For example,if �

�

	

� 
 �
� , �

�

�

� �

� , and �

	

�

�

�

�

, then
� �

� � � �

�

�

�

� �

� �

� �

� �

�

� � � � .
In summary, givena�nite setof complexes

�

, self-assemblyrules
�

, andcodebook� , wecan
obtaina languageof complexes

� ���

� aswell asa languageof strings

�����

�

� �

�

� �

�

� �

�

� �

�

� �

�

�

�

�

� � �

�����

� � � � �

We now turn to our results.Thetheoremsarestated,explained,andexamplesaregiven. Full
proofswill appearelsewhere.

3.2.3 Linear Self-Assemblyis Equivalent to Regular Languages

In thissectionweaddressthequestionof whatcanbecomputedby theself-assemblyDNA which
obeysProperties(1-4),(5a),and(6a)or (6b). This is thefamiliarcaseof theself-assemblyof long
duplex DNA from many smalloligonucleotidesor sticky-endedfragments.Thatis, self-assembly
beginswith oligonucleotidesor duplex DNA with sticky ends,andproceedsataconstanttemper-
ature,allowing only permanentbinaryeventswith asingleperfectlycomplementaryhybridization
siteandno intramolecularhybridization.We make this questionprecisein our modelby asking,
whatlanguagesof strings

�

canbeachievedas
�

���

E

�

�

� � for somechoiceof � , � , and
�

where
�

containsonly linearduplex complexes?
Thefollowing26 canbeprovedby construction:
Theorem 1. (1) For all regular languages

�

, thereexistsa positive integer � , a codebook� ,
anda setof linearduplexes

�

suchthat
�

�

�

�
�

E

�

�

� �

. (2) For all positive integers � , codebooks
� , andsetsof linearduplexes

�

,
�

���

E

�

�

� �

is a regularlanguage.
We will sketch the constructionusedin the proof of (1) – seeFigure3.11 for an example.

Consideraregulargrammar� for
�

. Wedesignsuf�ciently dissimilarsequences� � (wecall their
Watson-Crickcomplements���

�

) for all theterminalandnonterminalsymbolsin � . For eachrule
�

� �

	

����� �

�

� , wedesignaduplex with asticky end ���

�

, andinternalduplex region ���

E

����� ���

� ,
anda sticky end �

�

if � is present.We alsodesigna duplex with oneblunt endanda sticky
end �	� , to representthestartsymbol � . Theseduplexesmake up theinitial setof complexes

�

.
� is chosento be the lengthof thenonterminalsequences� � . After self-assembly, the terminal
complexesin

�

�
�

E

�

�

will correspondto derivationsin � . After ligation, eachcomplex will bea
blunt-endedduplex whosesequenceconsistsof terminalsequencesinterspersedwith nonterminal
sequences.A codebookwith ���

�

��� for eachterminalsymbol
�

will “erase” the nonterminal
sequences;thus

�

�
�

E

�

�

� � will beexactly
�

. 


A sketchof theproof of (2) is asfollows: weconstructa regulargrammar� whichgenerates
exactly thestrandsin �

� �

�

� �

�

� �

�

�

�

�

� � �

�

�
�

E

�

�

� � . Thisrequirescreatinganonterminalsymbolfor
eachsticky endof a duplex in

�

, andconsideringall (�nitely many) � -or-morebaseoverlaps
of thesesticky-ends;a grammarrule is provided for eachsuchinteraction. Caremustbe taken

26Wenotethatthis theoremstill holdswhenªduplexesºis replacedby ªstrandsº.
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Figure3.11: The initial complexes
�

correspondingto the regular grammar� � , andan exam-
ple derivation. Note that the self-assemblyof the derivation could have occurredin any order.
Subsequentligationanddenaturingwill producetwo strands(top andbottom)from this terminal
complex. Thecodebook� de�nes �

�

�

�
�

� and �

	

�

�

�

�

. Weuse
�

�

	

.

for gapsandfor sticky endswhich have no interactions– both leadto terminationof the strand
sequence,andmay requirea rule usingthestartsymbol � . Translationby thecodebookcanbe
effectedby applyinga nondeterministic�nite statetransducer(Ginsburg 1966)to

� �

, yielding a
regularlanguageequalto

�

�
�

E

�

�

� �

. 


Thus,our model for linear self-assemblydoesnot permit very interestingcomputations.It
shouldbeemphasizedthat simpleextensionsmight allow for morecomplex computations.For
example,supposehairpinsappearin

�

in addition to duplexes. Then, for example,we could

replacetheduplex for � (Figure3.11)by thehairpin
T

T

T

T

C

GT

A

T T T

C C

G G , andchangethecodesfor 0 and1 to
theWatson-Crickpalindromes

� �

� � and
�

�

�

� . Now both the top andbottomstrandscode
the0 and1 sequences;furthermore,after ligation thetop andbottomstrandsarejoinedtogether
by thehairpin.Consequently, wegeneratethesetof all palindromesin which thenumberof ones
is amultipleof four – which is nota regularlanguage!How far canwepushthis idea?

3.2.4 Dendrimer Self-Assemblyis Equivalent to Context-FreeLanguages

Dan Abrahams-Gesselpointedout to me that dendrimerself-assemblylooks formally identical
to context-free grammars. This observation translatesvery nicely into DNA self-assemblyof
branchedjunctionsinto tree-like complexes. Therefore,in this sectionwe addressthe question
of what canbe computedby the self-assemblyof DNA which obeys Properties(1-4), (5a),and
(6b-d). That is, self-assemblybeginswith duplexes,hairpins,and3-armedjunctionswith sticky
ends,andproceedsataconstanttemperature,allowing only permanentbinaryeventswith asingle
perfectlycomplementaryhybridizationsite and no intramolecularhybridization. We note that
this form of self-assemblyhasnot beenwidely studiedin the lab, and that full self-assembly
would be limited not only by materialbut alsoby geometric(steric)interferenceandvolumetric
constraints27. Nonetheless,our abstractmodelallows us to askthe following precisequestion:

27Considera treewhich branchesat every opportunity. It has >

�

nodeswithin � stepsof thecenter;but thevolume
of spacewithin � stepsgrows only as �

�

.
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whatlanguagesof strings
�

canbeachievedas
�

���

E

�

�

� � for somechoiceof � , � , and
�

where
�

containsonly duplexes,hairpins,and3-armedjunctions?
An extracomplicationthatimmediatelyarisesis thepossibilitythatcircularstrandsmayform.

Recallour conventionthat �

� �

�

� �

�

� returns“dotted” sequencesto representcircularstrands,but
didn't specifywhichpermutationof thecircle to use.It becomesconvenientto work with equiva-
lenceclassesof sequences,where � �

��

� � if thesequences� and � arecircularpermutationsof
oneanother. Languages

�

	

and
�

A aredeemedequivalentif for everysequence� in onelanguage,
thereis anidenticalor equivalentsequence� in theotherlanguage.

Thefollowing28 canbeprovedby construction:
Theorem2. (1) For all context-freelanguages

�

, thereexistsapositive integer � , acodebook
� , and a setof duplexes, hairpins,and 3-armedjunctions

�

suchthat
�

�

�

� �

E

�

�

� � . (2) For
all positive integers � , codebooks� , andsetsof duplexes, hairpins,and3-armedjunctions

�

,
�

� �

E

�

�

� �

is equivalentto a context-freelanguage.
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Figure3.12: The initial complexes
�

correspondingto theregulargrammar�



. Thecodebook
� de�nes �

�

�

� �

� �

 ���

�

� �

�

� 
 ���

�

�
�

� ��
 �

<

�

�
�

�
�


 �

?

�

� � � � 
 �

=

�

�
� �

�

,
and �

�

�

�

� �

� . Weuse
�

�

	

.

We will sketch the constructionusedin the proof of (1) – seeFigure3.12 and3.13 for an
example. The constructionis similar to that in Theorem1. Considera context-free grammar

� for
�

. Note that thereis an equivalent grammar �
� which usesrewriting rules of the form

�

� �

���

�

�

where� , � , and
�

are(possiblynull) stringsof terminalsymbols,and
�

, � , and
�

aresinglenonterminalsymbols(or null). Again,wedesignsuf�ciently dissimilarsequences� � for
all theterminalandnonterminalsymbolsusedin �

� . For rulesof theform
�

� �

� or
�

�

�

� ( �

notnull), wedesignaduplex asbefore.For rulesof theform
�

� � , wedesignahairpinwith the
sequencesfor � in thestem.Wedesigna3-armedjunctionfor eachruleof theform

�

� �

���

�

�

( � and
�

not null); it hassticky endsfor ���

�

, �

�

, and �

�

, andthesequencesfor � , � , and
�

are

28We note that this theoremstill holds when ªduplexes, hairpins,and 3-armedjunctionsºis replacedby simply
ªcomplexesº.Thatis to say, this is a fully generaltheoremfor self-assemblyunder�

�

E

.
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placedon the arms. As before,we designa blunt-endedduplex for the startsymbol � . These
complexesmake up theinitial setof complexes

�

. As before,at theappropriate“temperature”� ,
theterminalcomplexeswill correspondto derivationsin �� , andligationwill converteachcomplex
into a singlestrandwhich encodesthederivation. Processingwith thecodebookfor theterminal
symbolswill “erase”thenonterminalsequences,and

�

� �

E

�

�

� �

will beexactly
�
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Figure3.13: An examplederivation by self-assemblyof the complexes
�

correspondingto the
regular grammar�


 . Note that the self-assemblyof the derivation could have occurredin any
order, using

�

�

	

. Subsequentligation will producea singlestrandfrom this terminalcomplex.
Inset:thethree-armedjunctioncorrespondingto thegenericrewriting rule

�

� �

���

�

�

.

Theproof of (2) alsofollows the form of the proof of Theorem1, only now we constructa
context-freegrammar� which,looselyspeaking,generatessequencescorrespondingto backbone
pathsthroughcomplexesin �

�

�

�

� � �

�

� �

E

�

�

� , wheregapsare�lled in with thesymbol � , andwhere
several (but not necessarilyall) permutationsof eachcircularstrandaregivenusing � . This lan-
guageis thenpassedthrougha nondeterministictransducerwhich returnsthe strandsequences
in

	

�




�


 � 
 � � andcircularstrandsequencesin
	

�




�


 � 
 ��
�� � . As before,the �nal stringsare
producedby anothernondeterministictransducer, which this time translatesusingthecodebook.
Thusthe�nal languageis context-free,andis equivalentto

�

�
�

E

�

�

� �

. 


More intuitively, we canreasonthatbecauseno intramolecularhybridizationsareallowedby
�

�

	

, theinitial complexescanaggregateonly into tree-like structures.No matterhow convoluted
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the original complexesare,pathsthroughthe resultingtree-like structuresarewell modeledby
context-freelanguages.

Our modelof self-assemblyof DNA into tree-like structureshasstrictly morecomputational
power thanthemodelof linearself-assembly. However, it is still a far cry from universalcom-
putation. It turnsout thatwhenwe attemptto modelintramolecularinteractions,in the form of
cooperative bindingsites,a muchmorepowerful modelresults.We considera particularcasein
thefollowing section.

3.2.5 Two DimensionalSelf-assemblyis Universal

To prove that two dimensionalself-assemblycan be universal, it suf�ces to demonstratea re-
strictedclasswhich is universal.Wereview theclassof structuresintroducedin Winfree(1996b),
which aregeometricallybasedon a latticeof doublecrossover (DX) units of DAO typeFu and
Seeman(1993).It wasshown in Winfree(1996b)thattheself-assemblyof DX unitscandirectly
mimic the operationof an arbitraryonedimensionalcellular automatasystem. An exampleis
shown in Figure3.14,wherea simpleblocked cellularautomatonrule (correspondingto theun-
restrictedgrammar� � of Section3.2.1,but without the terminationrules)is usedto generatea
Sierpinskitrianglepattern.

Themodelof self-assemblyusedherefollows Properties(1-4), (5b),and(6e),andit is moti-
vatedby additionalphysicalconcerns.As shown in Figure3.14,thehybridizationeventsmaynow
involve twobindingsitesarrangedasaslot. Geometrybecomesimportant;only sticky endswhich
arecloseto eachotherandarrangedproperlymayform aslotwherebindingcanoccur. Physically,
onesticky endof anunattachedDX unit wouldhybridizeto onesideof theslot, followedshortly
by (the now intramolecular)hybridizationof the DX unit's othersticky end to the slot's other
bindingsite.For full computationalgenerality, it is critical thata DX unit whichmatchesonesite
in aslot,but not theothersite,will nothybridizeto thelattice.Underappropriateconditions,DX
unitswhich bind to only onesite in a slot would soondissociate,while fully matchingDX units
wouldbindnearlyirreversibly. Wethereforemodelslot-�lling asasinglepermanentbinaryevent
involving two bindingregions,and � is chosensothatsingle-sitebindingwill notoccur.

Weemphasizethatthisform of DNA self-assemblyhasnotyetbeendemonstratedexperimen-
tally, althoughwereportsomepreliminaryresultsin Section4.1.

Wemustde�ne new self-assemblyrules:
�

�

A allows hybridizationsallowedby
�

�

	

, andaddi-
tionally allowstwo-regionslot-�lling hybridizationsbetweencomplexescontainingthesubgraphs
shown in Figure3.15,solongasthetotalnumberof basepairedgesin � is at least� . This rule is
meantto modellocal geometryin complexes;it will bea goodmodelonly for certainstructures,
including(webelieve) theonesusedin ourconstruction.

Thefollowing canbeprovedby construction:
Theorem 3. (1) For all recursively enumerablelanguages

�

, thereexists a positive integer
� , a codebook� , and a set of duplexes andDX units

�

suchthat
�

�

�

�
�




�

�

� � . (2) For all
positive integers� , codebooks� , andsetsof duplexesandDX units

�

,
�

���




�

�

� � is equivalentto a
recursively enumerablelanguage.

Theproofof (1) is basedontheconstructionsin Winfree(1996b).As cellularautomataareca-
pableof universalcomputation,for exampleby directlysimulatingTuringmachines,weconclude
thattwo dimensionalself-assemblyis universal.(2) followsbecausethereis analgorithmfor gen-
eratingall thecomplexesin

� ���

� solong as
�

is computable:keeptrying new hybridizationsof
complexesknown to bein thelanguage,andremembertheresultingcomplex. 


Althoughuniversal,onedimensionalcellularautomataarenot oftena convenientmodelfor
computingfunctionsof interest,althoughthey are fasterandmoreef�cient than1-tapeTuring
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�

�

� andtheir complements� �

etc. The � and
�

sequencesareboth length � ; theothersequencesarelength ����� . Uponself-
assemblyaccordingto

�

�

A , aV-shapedchainof thelowerthreeunitsis formeddueto hybridization
of � and

�

, while theopenslotsin theinitial chainare�lled by theuniqueunit whosesticky ends
matchthoseon both sidesof the slot. In this example,the processcontinuesinde�nitely. Each
strandin �

�

�

�

� � � �

�

�
�




�

�

� representsoneor two columnsof Pascal's trianglemod2.

B B

Figure3.15: Two allowedslot-�lling hybridizationsin
���

A . Thesegraphsrepresentrequiressub-
graphsof thecomplexes

�

	

and
�

A in
�

	

��


�

A��

�

�

. Otherpositionsof nicksarealsoallowed,
asareotherlengthsof theduplex regions.

Machines,dueto theirparallelism.

3.2.6 Solvingthe Hamiltonian Path Problem

As aconcreteexampleof usingtwo dimensionalself-assemblyfor computation,wewill solve the
sameHamiltonianPath Problem(HPP)usedin Adleman(1994). Recall that the problemis to
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�nd apathfrom node1 to node� whichvisitsevery nodein � exactlyonce.Our algorithmsfor
solvingHPPwill bebasedon:

1. Generateall pathsfrom node1 to node� .

2. In eachpath,sorttheverticesinto increasingorder.

3. For eachpath,checkthattheresultis exactly “ � 
 � 
 � 
������ 
 � ”.

4. Outputany pathwhichpassesthetest,if oneexists.

In apreparatorystep,DNA sequencesaredesignedfor thegivengraphandsynthesized.Steps
1-3will occurasasingleself-assemblystep,while Step4 consistsof sequencingcircularDNA of
known length.

For thegraphusedin Adleman(1994)(shown in Figure3.16a), �

�

� andwe will require
a total of 68 DX unitsof DAE type. Shown in Figure3.16b,units1 through20 areresponsible
for Step1 of thealgorithm(thebottomlayer in Figure3.17a,b);theseunitsareanalogousto the
oligosin Adleman's solution29. Units 19 through61 areresponsiblefor Step2 of thealgorithm;
sortingis accomplishedby theOdd-EvenTranspositionSort(Knuth 1973).Whenthesymbol �

hastravelledall theway to theright, thesortingis completeandStep3 is initiated,usingunits62
through68.

Eachterminalcomplex either(a) encodesa valid HamiltonianPath, in which casethecom-
plex is complete(Figure3.17a),andligation cyclizesthe outerring, but not the inner ring30; or
(b) encodesaninvalid path,in whichcasetheterminalcomplex containsun�lled, openslots(Fig-
ure 3.17b)andwill produceno cyclic strandswhenligated31. ThusStep4 canbe achieved by
separatingcyclic from linear DNA strands(e.g. by 2D gel electrophoresis,by exonucleasedi-
gestion,or by af�nity puri�cation basedon the

�

� �

�

sequence)followedby ampli�cation and
sequencing.

Let usbrie�y comparethis molecularalgorithmto theoneusedin Adleman(1994).To solve
agraphwith � nodesand

�

edges,Adlemanusedroughly � �

�

oligosand � laboratorysteps.
Wewoulduseroughly

�

A

� � � �

A

� � DX units(eachrequiringup to 5 strands)andaconstant
numberof laboratorysteps(synthesis,annealing,sequencing)32.

Becausetwo dimensionalself-assemblycansimulatearbitrarycellularautomata,similaralgo-
rithmscanbedesignedfor any computationalpurpose.For example,an � -variablesize � Circuit-
SAT problemcanbesolvedusingroughly � � DX unitsandaconstantnumberof laboratorysteps
aftersynthesis.

29Adleman's oligosencodedindividual edgesin thegraph,whereasoursencodepairsof edges.Also, knowing that
a Hamiltonianpathin this graphmustvisit exactly 7 nodes,our unitsaredevisedsuchthatonly odd-lengthpathscan
form completely.

30Thiscanbeensuredeitherby leavinganunmatchedbaseonthesticky endsfor interiorunits,or by phosphorylating
only unitswhichoccuron theouteredge.

31Notethatif apathvisitsanodetwice,therewill beagapin theªStep2ºportionof theterminalcomplex; if apath
fails to visit somenode,therewill beagapin theªStep3ºportionof theterminalcomplex.

32How feasibletheseimaginedlaboratorystepswouldbeis, of course,anopenquestion.However, oncethelabora-
tory techniqueshavebeendebugged,conceivablyouralgorithmcouldbecarriedout in asingleday'swork ± regardless
of thesizeof thegraph(volumepermitting).A concernis that,moresothanin Adleman'salgorithm,thesuccessof our
algorithmis critically dependentuponligationyields.Forexample,if ligationis 80%effective,thenonly L

F �

���

% L

F

Y %
of the correctterminalcomplexeswill be fully cyclized in our � %�� graph. Also, sinceeachpathrequiresa DNA
moleculeroughly100timeslargerthantheDNA usedin Adleman's algorithm,greaterreactionvolumeswill beneces-
sary.
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3.2.7 ThreeDimensionalSelf-AssemblyAugmentsComputational Power

A trivial corollaryof theuniversalityof two-dimensionalself-assemblyis thatif threedimensional
structuresareallowed,self-assemblyis still universal.It is of greaterinterestif wecanexploit all
threedimensionsto allow for moreef�cient or morereliablecomputations.Weproposeascheme
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Figure3.17: Terminalcomplexesafterannealing.Black dotsshow nickswhich will be ligated.
(a) The latticeverifying theHamiltonianpath1452367.(b) The latticerejectingthe invalid path
123452367.

to do exactly that, againfor concretenessusingDAO units asour basicbuilding block. In this
section,wewill presentsomephysicalconsiderations,but wewill not formally de�ne

�

�

�

.

We begin by noting that the solid anglebetweentwo adjacentDAO units is determinedby
the lengthof the linker arm betweenthem. For the planarlattice,we choosea lengthsuchthat
theangleis approximately�

m

�
� . Alternatively, we canchooselengthssuchthattheangleis near

� � � � , theappropriatevaluefor a “honeycomblattice” asshown in Figure3.18.

As in thecaseof thetwo dimensionallatticeof DAO units,computationis broughtaboutby
judiciouschoiceof thesticky endsequenceson severalDAO units. Thethreedimensionallattice
thusformedis equivalentto thespace-timehistoryof a2D blockedcellularautomata.

Theparticularincarnationof threedimensionallatticechosenhereis clearlynot unique,and
it is suggestedmoreasa brain-teaserthanasa seriousproposal;othergeometriesarepossible,
perhapshaving preferablepracticalcharacteristics.



54

2 13

Bb

a A

A

Bb

B

A

a

A

B

a

b

a

b

2

3

1

(a) (b)

(c)

16 bp12 bp 11 bp

Figure3.18: Planfor threedimensionallattice. (a) Threecross-sectionsthroughthe�nal lattice,
correspondingto the threesectionsindicatedin (b). Circlesrepresentcross-sectionsthrougha
doublehelix of DNA; barsindicatewhich helicesarepart of the sameDAO unit. (b) Relative
anglesof � ve DAO units areindicated.For perfect � � � � angles,helical twist between31.5and
35.5 �

� bp is required.(c) Detailof theDAO units.A singleDAO unit, with sticky enda comple-
mentaryto A andb complementaryto B, suf�ces to generatetheentirelattice. For computations,
thesticky endsareindexeds.t. �

� bindsonly
�

� and �
� binds �

� .

3.2.8 Discussion

We have analyzedthecomputationalpower of threedifferentregimesof self-assemblyin our ab-
stractmodel,andwehavespeculatedonanextensioninto theself-assemblyof athreedimensional
lattice.

Theessentialconstructionin thelinearcaseis dueto Adleman(1994)whousedit to construct
pathsthroughgraphs.Bonehetal. (1996b)andWinfree(1996b)observedthatlinearself-assembly
is capableof generatingregular languages.Here,we statetheresultin thecontext of our formal
model,andwe show that linear self-assemblyof duplexes is limited to regular languages.This
point requiresmakingthedistinctionbetweenself-assemblyprocesseswith andwithouthairpins,
asshown by thepalindromesexample.Linearself-assemblyhasbeenexploitedin many laboratory
experiments– bothby molecularbiologistsandby peopleinterestedin molecularcomputation–
andalthoughits intricaciesarenot completelyunderstood,thereis a wide foundationof practical
experience.

The self-assemblyof branchedjunctionsinto dendrimerstructuresseemsto be a relatively
unexploredidea. For example,in Ma et al. (1986)it is observed that identicalthree-armedjunc-
tionswith two complementarysticky endscancyclize. If cyclizationcannotbeprevented,many
context-free grammarswould be impossibleto implementby self-assembly. Another concern
comesfrom geometry:if the desiredtree-like structurecontainstoo many branches,sterichin-
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drancemayprevent furtherassociationsfrom occurring.Thusit is not known to whatextent the
techniquewill bepractical.

Theself-assemblyof DX units into a two-dimensionallatticeis alsoanunconventionalidea,
yet to bedemonstratedin the laboratory. Some�rst stepsin this directionarereportedin Sec-
tion 4.1,wheretheslot-�lling reactionis explored.

It is interestingto observe that the Chomsky Hierarchyof languages,developedoriginally
for thestudyof humanlanguages,alsoarisesnaturallyin thestudyof self-assemblingstructures.
Theprogressionfrom regular to context-freeto recursively enumerablelanguagescanbeseento
parallelboth(a) theprogressionfrom linearto dendrimerto planarlatticestructures,and(b) the
progressionfrom “rule molecules”with effectively oneinput andoneoutput,to thosewith one
inputandtwo outputs,to thosewith two inputsandtwo outputs.

Oneshouldnotethatall thepreviousargumentsignoredthekinetic framework implicit in the
processof annealingthatwe originally consider. Speci�cally, we expectthat longercomplemen-
taryregionshybridize�rst. Annealingcouldberepresentedin ourmodelasrecursivecomputation
of languages:
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Thekineticaspectsof this modelof linearself-assemblymaythemselvesbeexploitablefor com-
putation.Intermolecularinteractionsotherthantheonesconsideredheremightalsoprovidecom-
putationaladvantages.Issuesof concentrationsand�nite supplyof DNA mustalsogo into any
morepracticalanalysis.

3.3 Simulation of Self-AssemblyThermodynamicsand Kinetics

Abstract33 Winfree (1996b)proposeda Turing-universal model of DNA
self-assembly. In this abstractmodel,DNA double-crossover moleculesself-
assembleto form analgorithmically-patterned two-dimensionallattice. Here,
we developa morerealisticmodelbasedon thethermodynamicsandkinetics
of oligonucleotidehydridization.Usingacomputersimulation,weinvestigate
what physicalfactorsin�uence the error rates(i.e., whenthe morerealistic
modeldeviatesfrom the idealof theabstractmodel). We �nd, in agreement
with rulesof thumbfor crystalgrowth, thatthelowesterrorratesoccurat the
melting temperaturewhencrystalgrowth is slowest,andthaterror ratescan
be madearbitrarily low by decreasingconcentrationandincreasingbinding
strengths.

Early work in DNA computing(Adleman1994;Lipton 1995;Bonehet al. 1996a;Ouyang
et al. 1997)showedhow computationscanbeaccomplishedby �rst creatinga combinatorialli-
braryof DNA andthen,throughsuccessive applicationof standardmolecularbiologytechniques,
�ltering thelibrary to identify theDNA representingtheanswerto themathematicalquestion.In
theseapproaches,theproblemto besolveddeterminesthesequenceof laboratoryoperationsto be
performed;thelengthof this sequencegrows with problemsize,intimidatingmany experimental
researchers.Consequently, a few researchershave begun looking into chemicalsystemscapable

33Resultsin thissectionalsoappearin Winfree(in pressa).
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of performingmany logical stepsin a singlereaction,thusleadingto paradigmsfor DNA com-
putingwheretheproblemto besolved is encodedstrictly in DNA sequence;a �x edsequenceof
laboratoryoperationsis performedto determinetheanswerto theposedquestion.Promisingap-
proachesincludetechniquesbasedon PCR-like reactions(Hagiyaet al. in press;Sakamotoet al.
in press; HarteminkandGifford in press;Winfreein pressb) andtechniquesbasedonDNA self-
assembly(Winfree1996b;Winfreeetal. in press;Jonoskaetal. in press).Althoughtherehasbeen
experimentalwork exploring all thesemodels,typically only a few logical operationshave been
demonstrated.It is at thispointunclearhow well any of thetechniquescanbescaledup. Shortof
full experimentaldemonstration,realisticsimulationsof thechemicalkineticsandthermodynam-
ics canshedlight on whatcanbeexpectedof thesesystems,andcanpoint to parameterregimes
wheretheexperimentsaremostlikely to succeed.This paperpresentsa preliminaryanalysisof
theself-assemblymodelof Winfree(1996b).

To motivatetheself-assemblymodel,weconsiderthephysicalprocessof crystallization.Dur-
ing crystalgrowth, monomerunits areaddedone-by-oneat well-de�ned siteson the surfaceof
the crystal. Theremaybe morethanonetypeof monomer, in which casetheremay beseveral
different typesof binding site, eachwith af�nity for a differentmonomer;typically a periodic
arrangementof unitsresults.Thequestionof whetherperiodiclatticeswill necessarilyresulthas
beenstudiedin mathematicsin thecontext of two-dimensionaltilings (GrünbaumandShephard
1986).A setof geometricalshapes(thetiles) aresaidto tile theplaneif thetilescanbearranged,
non-overlapping,suchthateverypoint in theplaneis covered.A surprisingresultin thetheoryof
tilings is that thereexist setsof tiles which admitonly aperiodictilings (Berger 1966;Robinson
1971),themostelegantbeingtherhombsof Penrose(1978).Thevarietyof aperiodicpatternsis
limitless: usingsquaretiles with modi�ed edges,the time-spacehistoryof any Turing Machine
canbe reproducedby the tiling pattern34 (Wang1963;Robinson1971). Is it possibleto trans-
latetheseresultsbackto a physicalsystem,to produceaperiodiccrystals,or evencrystalswhich
“compute”? Already, thereis an extensive literatureon “quasicrystals”(SteinhardtandOstlund
1987),materialswhich exhibit “prohibited” 5-fold symmetryandwhicharethoughtto berelated
to theaperiodicPenrosetiles. Thepurposeof this paperis to examinethesuggestionin Winfree
(1996b)that DNA double-crossover moleculescanbe usedto make programmable“molecular
Wangtiles” thatwill self-assembleinto a 2D sheetto simulateany chosencellularautomaton.It
hasalreadybeenshown experimentallythat double-crossover moleculescanbe designedto as-
sembleinto aperiodic2D sheet(Winfreeet al. 1998)andthatasinglelogicalstepcanproceedin
a modelsystem.In this paperwe arguethatit is physicallyplausibleto performTuring-universal
computationby crystallization.

3.3.1 An Abstract Model of 2D Self-Assembly

Theresultsin thetheoryof tilings areentirelyexistential,sayingnothingabouthowacorrecttiling
is to befound. Whatis missingis a mechanismfor producingtilings. In this sectionwe describe
therelationof computationandself-assemblyby presentinganabstractmodelof two-dimensional
(2D) self-assembly, whichwecall theTile AssemblyModel. Thefundamentalunitsin thismodel
areunit squaretiles (alsocalledmonomers) with labellededges.We have anunlimitedsupplyof
tiles of eachtype. Aggregatesareformedby placingnew tiles next to andalignedwith existing
onessuchthat suf�ciently many of their edgeshave matchinglabels. Tiles cannotbe rotatedor
re�ected. To de�ne the modelcompletely, we mustbe preciseaboutwhen“suf�ciently many”

34Evenmoreis possible:thereexist tile setswhichproducenon-recursivepatterns(Hanf 1974;Myers1974)!How-
ever, it is unlikely that any physicalprocesscould give rise to non-recursive patterns,in any computableamountof
time. All modelsdiscussedin thispaperarestrictly computable.
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edgesmatch. Eachedgelabel �

� hasan associatedstrength
�

� , which mustbe a non-negative
integer. At “temperature”

�

, anaggregateof tiles cangrow by additionof a monomerwhenever
the summedstrengthof matchingedgesexceeds

�

(mismatchedlabelsneithercontribute nor
interfere)– thesearecalledstableadditions.We saythata setof tiles � producesaggregate

�

from seedtile � if
�

canbeobtainedfrom thesingletile � by a sequenceof zeroor morestable
additionsof monomers;in whichcase,we alsosaysimply that � produces

�

(if thereis no need
to specifytheseedtile).

To illustratethis model,considerthe7 tiles shown in Figure3.19d.Thefour tiles on theleft
arecalledthe rule tiles becausethey encodeadditionmod 2; the threetiles on the right arethe
boundarytiles; theonewith two strength-2edgesis thecorner tile. Thereare4 edgelabels,of
strengths0, 1, 1, and2. At temperature

�

�

� , every possiblemonomeradditionis stable,and
thusrandomaggregatesareproduced.At temperature

�

�

� , at leastoneedgemustmatchfor
anadditionto bestable,but now thearrangementof tiles within anaggregatedependsuponthe
sequenceof additions.At temperature

�

�

� , thereis auniquechoicefor thetile in eachposition
relative to thecornertile, independentof thesequenceof events.Undertheseconditions,this set
of tiles producestheSierpinskiTriangleby computingPascal's Trianglemod2. At temperature

�

�

� , noaggregatesareproducedbecausenomonomeradditionto anothermonomeris stable.
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Figure3.19: TheSierpinskiTile setis shown in (d). Thestrengthsof edgesaremarked,andthe
edgelabelsaredenotedgraphically. In (a) - (c), small tiles areusedto indicatepossiblestable
additionsto theaggregate. (a) When

�

�

� , any tile additionis stable,anda randomaggregate
results. (b) When

�

�

� , typically several stablepossibilitiesat eachsite; again,a random
aggregateresults.(c) When

�

�

� , thereis a uniquepossibilityat eachsite,resultingin unique
patternformation.

Whereasit is impossibleto uniquelyproducenon-trivial aggregateswhen
�

�

� , anarbitrary
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shapecanbeproducedat
�

�

� by assigninga uniquetile to eachpositionandgiving eachedge
auniquelabel.However, this requirestheuseof many tiles. At

�

�

� wecanproduceinteresting
patternswith few tiles.

A hint of thecomputationalpower of theTile AssemblyModel when
�

�

� is providedby
a simulationof cellular automata35. The proof we develop below demonstratestwo important
points.First,eventhoughtile additionis stochastic,auniquepatternis producedregardlessof the
orderof events,becauseonly stabletile additionsaremade.Second,thearrangementof tile types
onthe1D growth front of theaggregatecanrepresentinformation(muchlikehow thearrangement
of 0'sand1's ona1D taperepresentsinformationfor aTuringMachine),andstabletile additions
canmodify thatinformationby speci�edrewrite rules,resultingin fully generalcomputation.

Our simulationis basedon one-dimensionalblockedcellularautomata(BCA)36, a varietyof
cellularautomaton(CA). Theexampleof Pascal'sTrianglemod2 (Gardner1966)hasbeenstudied
asa cellularautomatonby Wolfram (1984). It is known thatBCA andCA areTuring-universal
models,andsimplesimulationsof Turingmachineshavebeendemonstrated(Smith1971;Biafore
preprint).Webegin by de�ning BCA.

De�nition: A � -symbolBCA is de�ned (usingthe integers
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If
�

is a function,thentheBCA is termeddeterministic.Thestate� of theBCA assignsasymbol
to every locationonanin�nite lineararrayof cells. At eachtimestepevery cell in ��� is rewritten
to produce�

�
=

	 ; thusweuse�

�
� � � to denotethesymbolswritten in cell � after � steps.TheBCA

uses
�

to re-writepairsof cellsin � , alternatingbetweenevenandoddalignmentsof thepairing:
for even � andeven � , andfor odd � andodd � ,
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�

An input to a BCA computationis a state� � with a �nite numberof non-zerocells. For conve-
nienceandwithout lossof generality, we will con�ne our attentionto � -bit binary inputs � , and
write � �

�

� to referto aninputwhere�

� �

�

�

�

� � for � �

�

� � and �

� �

�

�

�

� otherwise.
Thecomputationof theBCA de�nes �

� � � � over thehalf-plane�
� � . We will show how to
constructa setof tiles � suchthat in all aggregatesproducedfrom the seedtile �

�

, if thereis
a tile at position �

�


 � � with respectto theseedtile, thenthe tile hasedgesencoding�

�

=




�

�

� � �

and �

�

=




�

�

� � � ��� . Thusthetime-historyof theBCA computationis reproducedexactly in the
self-assembledtile aggregate.

First we show, for any � -bit BCA input � , how to generatethesetof � ��� input tiles � ��� � .
Figure3.20ashows theconstruction.Becausetheonly edgematchespossiblewith thesetilesare
strength2, at

�

�

� all producedaggregatesareessentiallyasshown, with variablelengthregions
encoding“zero” on eitherside. The tile whosetop edgesencodebits �

	

and �

A is referredto as
the seedtile �

�

andis usedasthe referencefor indexing tiles by location. The bottomof each

35This result,presentedin lessdetailin Winfree(1996b),translatesWang's simulationof TuringMachineexecution
by theTiling Problem(Wang1963)into theTile AssemblyModel givenhere. TheTiling Problemcanbeviewedas
askingfor thegroundstateof anN-stateIsingmodel,whichcanbeseenasa questionof equilibriumthermodynamics
in the limit as ��� L . Not only canIsing modelsbe producedwhich areTuring-universalbecausethegroundstate
reproducesthespace-timehistoryof any chosenTuring Machine,but theproof that tiles setscanbefoundwhich tile
theplanenon-recursively shows in factthatthegroundstateof anIsingmodelcanbenon-recursive. Thusit is essential
to studyakinetic,ratherthanthermodynamic,model.

36BCA (Wolfram1994)arealsoknown aspartitioningCA (Margolus1984)andas2-bodyCA or particlemachines.
They generalizethelatticegasmodel(Hardyetal. 1976),andarecommonlystudiedin two dimensions.
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inputaggregatecontainsonly strength-0edges,sonofurtheradditionscanoccurthere.Thetopof
eachinput aggregatecontainsexclusively strength-1edges,arrangedin a zig-zagforming series
of bindingsites,calledslots, wherea new tile couldmake contactwith two strength-1edges.For
aggegatescontainingtheseedtile �

�

, theseedgesencodetheinput �

�

andthepairingof cells.
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Figure3.20:UsingtheTile AssemblyModel to simulatingaBCA computingfrom abinaryinput.
(a) Input tiles � ��� � for �

�

� � � � � � � � , andanaggregatethey produceat
�

�

� . Herewe use
conventionssimiliar to Figure3.19to indicatethestrengthof edges:thick edgesarestrength-0,
doublededgesarestrength-2,andall otheredgesarestrength-1.(b) Schematicshowing a rule
tile generatedfrom theBCA rule �

�




�

�$� �

�

�



�

�
� , andanaggregateproducedby therule tilesand

input tiles. Notethedottedlines indicatingthedefault coordinatesystemwith origin at theseed
tile �

�

. In thisschematic,theedgelabelsfor therule tilesarenot identi�ed.

Next, for BCA rules
�

we generatea set �

�

of �

A

tiles asshown in Figure3.20b,usingone
tile for eachrule �

�




�

� � �

�

� 


�

� � . All of theserule tiles have exclusively strength-1edges,soat
�

�

� they cannotform aggregateswith themselves;they mustbeseededby theinput tiles. Thus,
whenthe tile sets �

�

and � ��� � aremixed, rule tiles cansit down in the slotspresentedby the
input aggregatesiff bothof thepresentededgesmatch.Consideranaggregatein which: (1) only
rule tiles arepresentabove

�

� �

�

� , and(2) every rule tile hasbothof its lower edgescorrectly
matched.It follows directly from thede�nitions that theedgespresentedby the tile at �

�


 � � has
edgesencoding�

�

=




�

�

� � � and �

�

=




�

�

� � � ��� becausethis is trueof the input tiles, andevery
rule tile respectstheupdaterule for theBCA. Whatremainsto beshown is that(1) and(2) hold
for every aggregateproducedat

�

�

� . This is doneby inductionon � , thenumberof rule tiles
in anaggregate. For convenience,we refer to anaggregatecontainingexactly � rule tiles asan

� -aggregate.
Basecase:(1) and(2) hold for any 0-aggregate.
Induction:Assume(1) and(2) hold for all � -aggregates.Notethat(1) and(2) togetherimply

that above
�

� �

�

� , the exposededgesof the aggregateareall upperedges.Any � � � ��� -
aggregatemustbeproducedfrom an � -aggregateby a sequenceof stableadditionsof input tiles
followed by a stableadditionof a rule tile. (1) holdsfor thenew aggregatebecauseall exposed
edgesabove

�

� �

�

� areupperedgeslabelledfrom � � , while all lower edgesof input tiles are
labelledfrom

	

� 


�


 �

	


������ 
 �

�

� . (2) holdsfor thenew aggregatebecausea rule tile mustmatch
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two edgesto beadded,andonly upperedgesarepresented,sotheruletile's two loweredgesmust
match. 


Thus,wehave proven:
Theorem: Let

�

bea BCA, andlet �

� ��
 � � bethevalueof cell � at time � for a computation
on input � . If anaggregateproducedfrom seed�

�

by the tile set � � �

�

� � ��� � hasa tile in
position �

�


 � � , thenthetile's upperedgesencode�

�

=




�

�

� � � and �

�

=




�

�

� � � ��� .
In otherwords,the Tile AssemblyModel usesasynchronousandself-timedupdatesto sim-

ulateany deterministicone-dimensionalBCA. Similar argumentscanbe usedto show that the
Tile AssemblyModelcansimulateany non-deterministicone-dimensionalBCA, in thesensethat
everypossibleaggregateproducedaccordingto theTile AssemblyModelwill representapossible
historyof executionof thenon-deterministicBCA. In thiscase,

�

will containruleswith identical
left-handsides,andconsequentlyin someslotsmultiplerule tileswill matchbothexposededges;
thusanon-deterministicchoicemustbemade.Alternatively, anon-deterministicsetof input tiles
maybeusedto generatea combinatorialsetof possibleinput strings,followed by deterministic
evaluationof eachinput. Thepotentialfor non-determinismis importantfor usingself-assembly
to solve combinatorialsearchproblemsin thespirit of Adleman(1994).

3.3.2 Implementation by Self-Assemblyof DNA

We follow Winfree (1996b) in developing a molecularimplementationof the Tile Assembly
Model: eachtile is representedby aDNA double-crossover (DX) molecule(FuandSeeman1993)
with four sticky endswhosesequencesrepresenttheedgelabels.We would like thesemolecular
“tiles” to self-assembleinto a two-dimensionalsheetaccordingto therulesof theTile Assembly
Model (seeFigure3.21).Thus,weneedto show:

1. Double-crossover moleculescandesignedto self-assembleinto two-dimensionalcrystallat-
tices– in preferenceover, for example,randomtanglednets,tubes,or otherstructures.This
hasin factnow beendemonstratedin anexperimentalsystem(Winfreeetal. 1998).

2. Thestrengthsof edgelabelsin themodelcanbeimplementedby designingthesticky end
sequenceswith speci�c energeticsof hybridization.TheDNA hybridizationstrengthsde-
pendprimarly on thenumberof basepairs,with adjustmentsfor their particularsequence,
thebuffer conditions,andtemperature.Thus,for example,longersticky endscanbeused
to representedgelabelswith greaterstrength.

3. The binding of DX moleculesinto slots,wheretwo sticky endsequencesmustboth hy-
bridize, is cooperative – thus,strengths“add”. We will arguebelow that this is a priori
likely; furthermore,suggestive experimentalevidencehasbeenpresentedin Winfreeet al.
(in press).

4. Thereis a physicalparameteranalogousto
�

which determinesthe strengthrequiredfor
associationof moleculartiles. Thisparametercanbe,for example,thetemperature� . DNA
sticky endsbindmorestronglyat low temperatures,andconversely, at highertemperatures
moresticky-endinteractionswill benecessaryfor stableaddition.

5. All theseconsiderationscancometogetherto producemolecularself-assemblyin accor-
dancewith theTile AssemblyModel.
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Figure3.21:TheDNA representationof Wangtiles. (a)A molecularWangtile (doublecrossover
molecule)representingthe rule �

�




�

� � �

�

� 


�

� � . The moleculeconsistsof an interior structural
region and four double-strandedarms,eachterminatedby a single-strandedsticky end. Edge
labelsareimplementedusinguniquesticky-endsequences.Note that sticky-endsfor the lower
edgesuseWatson-sensesequencesfor eachlabel,while theupperedgesusethecomplementary
Crick-sensesequences.This ensurestheproperrelative orientationof tiles. As shown, thesame
moleculerepresentsbothaWangtile andits re�ection abouttheverticalaxis;however, usingfour
encodingsfor eachlabel(

�

�

�

�
�




���

�����

�




�

�

�

�
�




�

�

�����

�

) eliminatesre�ection-sensebinding. In the
doublecrossover molecule,the crossover pointsarecircled, anddotsareplacedat the

�

� ends
of eachstrand. Color is usedto indicatethe edgelabel beingrepresented,andnot the identity
of strands(eachstrandis multi-colored). (b) Theself-assemblyof 9 molecularWangtiles, of 5
distincttypes.Thesecorrespondto the9 tiles at thebottomof Figure3.19c.Notethatthecorner
andboundarymoleculeshavehairpinsequences,andthusnosticky ends,oncertainof their lower
arms;this implementsa tile with strength-0labelson its loweredges.Also notethatonthecorner
andboundarymolecules,theredandorangesticky endsaresuf�ciently longerthanthesticky ends
on therulemoleculesto implementastrength-2interaction.

Ourapproachfor arguingthesepointsisbasedonthestudyof thethermodynamicsandkinetics
of DNA oligonucleotidehybridization(Wetmur1991).Wereview heretheelementsof this theory
thatareneededfor ourdiscussion.

Let ssDNA
	

andssDNA A be two Watson-Crickcomplementaryoligonucleotides,andlet ds-
DNA be thedouble-strandedhelicalcomplex that resultsupontheir hybridization.Thereaction
canbemodelledasa two-state�rst-order system:

ssDNA
	

� ssDNA A

���

�����
	

�

�����

���

dsDNA �

Wecanwriteadifferentialequationfor theratesof changeof theconcentrationof eachspecies.
Theunitsfor �

�

are1/sec,so �

�

� dsDNA
	

givestheratein M/secof dissociationof thedoublehelix;
theunitsfor �

�

are1/M/sec,so �

�

� ssDNA
	

	

� ssDNA A

	

givestheratein M/secof hybridizationto
form new doublehelicalmolecules.Altogether, wehave:

�




� dsDNA
	

�




� ssDNA
	

	

�




� ssDNA A

	

�

�

�

� dsDNA
	

� �

�

� ssDNA
	

	

� ssDNA A

	



62

Therateconstants�

�

and �

�

canbeestimatedfrom theDNA sequenceandthetemperature�

(in K), assumingthereactionis takingplacein astandardbuffer. For veryshortoligonucleotides,
theforwardreactionhasa diffusion-controlled rate-determiningstep(QuartinandWetmur1989)
approximatelyindependentof oligo lengthandsequence,so:

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

� �

� /M/sec


where
�

�

�

���

� �

�

/M/secand
�

�

�

� kcal/mol is theactivationenergy for thereaction37.
Thereverserate,on theotherhand,is verysensitive to oligo lengthandsequence:

�

�

�

�

�

�

�

���

�

�

�

�




where
�

�

� cal/mol/K and
�

� �

� 
 � is the free energy releasedasheatby a singlehy-
bridizationevent38. Thestandardfreeenergy

�

� �

� canbecalculatedfrom thestandardenthalpy
���

�

� andthestandardentropy
�

� �

� of thereaction:
�

� �

�

�

���

�

�

� �

�

� �

� . For reactionstaking
placein commonlyusedbuffers,thestandardenthalpy andentropy canbereliablyestimatedfrom
the sequenceaccordingto a nearest-neighbormodel(SantaLuciaet al. 1996); however, for the
purposesof thisdiscussion,wecanusethecoarserapproximationfor length-� oligonucleotides39:

���

�� � �

m

� kcal/moland
�

� �� � ��� � � �

� cal/mol/K. Thuswe canpredictboth �

�

and �

�

for
the hybridizationof complementaryoligonucleotides.This allows us to predictthe equilibrium
concentrationsof eachspeciesvia theequilibriumconstant

�

�

�

� dsDNA
	

� ssDNA
	

	

� ssDNA A

	

�

�

�

�

�

�

�

�

�

���

�

�

�

�

�

We will useour understandingof oligonucleotidehybridizationkineticsandthermodynamics
to build a plausiblemodelfor the self-assemblyof DX moleculesvia the hybridizationof their
sticky ends.

3.3.3 A Kinetic Model of DNA Self-Assembly

Theself-assemblyof two-dimensionallatticesfrom aheterogeneousmix of � DX moleculesis a
far morecomplicatedsystemthanthehybridizationof two oligonucleotides.Ratherthanhaving
just threespeciesto consider(ssDNA

	

, ssDNA A , anddsDNA), we now have an in�nite number
of species(all possibleaggregates). For eachaggregateof � tiles with � availablesites,there
are �

� associationreactionsand � dissociationreactions.Notethatat every availablesite,there
is anassociationreactionfor every possiblemonomer, regardlessof whetherthemonomeris the
“correct”oneor not; to understandwhencorrectbehavior canbeexpected,wemustlookcloselyat
thekineticsof all thereactions.Themodelwedevelopherecanbeseenasanextentionof Erickson
(1980),which considerstheself-assemblyof anisotropictwo-dimensionallatticeconsistingof a
singleunit type.Tomodelthekineticsof self-assembly, wemakeseveralsimplifyingassumptions:

1. Monomerconcentrationswill beheldconstant.Further, all monomertypeswill beheldat

37Wewill ignoretheactivationenergy in whatfollows,becausewewill seethatthevalueof �

�

hasno effect on the
behavior of thesystemexceptto setthescaleof thetimeaxis.

38The morenegative �)#

�

� is, the moreheatis releaseduponassociationandthe more favorablethe reactionis.
Anotherway of looking at it is thatif �)#

�

� is very negative,a lot of heatmustsimultaneouslyconvergeupona single
doublehelical DNA moleculein order to causedissociation,and thusdissociationis rare. Also note that here,as
elsewhere,�
	���


�

�

�

�

hasanªinvisibleºunit of M, sothat �

�

is in unitsof 1/sec.
39The empiricalvalue ��� ;

�

;�� %���� cal/mol/K canbe consideredthe entropiccostof aligning the two strandsto
have thesameorientation,andis calledtheinitiation entropy.
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thesameconcentration.Primarily we make this assumptionbecausetheanalysisis easier.
Later we show how the resultsfound with the assumptioncanbe usedto understandthe
moregeneralcasewhentheassumptionis not true40.

2. Aggregatesdo not interactwith eachother;thustheonly reactionsto modelaretheaddi-
tion of a monomerto anaggregate,andthedissociationof a monomerfrom anaggregate.
Potentialdrawbacksof thisassumptionwill bediscussedat theveryend.

3. As in thehybridizationof oligonucleotides,we assumethat the forward rateconstantsfor
all monomersareidentical.In particular, theforwardrateconstantsfor correctandincorrect
additionsareidentical.

4. As in the hybridizationof oligonucleotides,we assumethat the reverseratedependsex-
ponentiallyon thenumberof base-pairbondswhich mustbebroken,andthatmismatched
sticky endsmake no base-pairbonds.This amountsto assumingthatbindingon multiple
edgesis cooperative andthatmismatchedsticky endsdo not affect thedissociationratein
any way.

The model is governedby two free parameters,both of which aredimensionlessfree ener-
gies: ��� %

�

� measurestheentropiccostof �xing the locationof a monomerunit (andthusis
dependentuponmonomerconcentration),and �

�

�

�

� measuresthe freeenergy costof break-
ing a singlesticky-endbond;bothareexpressedwith respectto thethermalenergy

�

� . A third
parameter, the forward rateconstant�

�

, is immaterialto the behavior of the system;it setsthe
unitsfor thetime axis. Thebehavior of thesystemcanbeunderstoodindependentlyof theexact
correspondenceof theseabstractparametersto morerealisticphysicalparameters;however, we
sketchthecorrespondencebelow.

For convenience,we lump location,orientation,andotherentropicfactorstogetherinto an
“effective concentration”of monomers,�

�

DX
	

. In theseunits, �

�

DX
	

�

� DX
	

��� � , �
�

�

�

� � �

�

, and
theinitiation entropy of

�

� �

�

�

�

�

�

� cal/mol/K �

�

�

�

�

� � disappearsfrom theequations.Now
wewrite theconcentrationof eachmonomeras �

�

DX
	

�

�

�

�

H�� . Thustherateof associationsof a
particularmonomertypeataparticularsiteonaparticularaggregateis

�

�

�

�

�

� DX
	

�

�
�

�

�

�

�

H��




measuredin 1/sec.To determinethedissociationrateof a unit boundby � sticky-endbonds,each
of length � , wewill useourassumptionof cooperativity to justify usingthefreeenergy of asingle
length-� � � oligonucleotide,

�

� �

���

�

. To write thedissociationratein termsof �

�

�

, wehave:

�

�
�

�

�

�

�

�

�

���

�	�

�

�

�

�

�

��

�

�

�

�

�

��





alsomeasuredin 1/sec.Usingthevaluesfor
���

�
� and

�

�
�

� determinedfor oligonucleotidehy-
bridization,sticky endsof length � wouldcorrespondto �

�

�

�

�

�

�����

K
�

� � ��� � . If strength-1edge
labelsareencodedwith sticky endsof length � ( �

�

� ), thenstrength-2edgelabelswill be en-
codedwith sticky endsof length � � ( �

�

� ). If � is thesumof thestrengthof all a tile's matching
edges,thenthe tile's dissociationratewill be

�

�
�

� , andwe will call � thenumberof (sticky-end)
bonds.

Thevariousreactionspossiblein this model,whichwe call theKinetic AssemblyModel,are
illustratedfor theSierpinskiTiles in Figure3.22.

40Thereis someintrinsic interestin the casewherethe assumptionis true; for example,biological self-assembly
oftenoccursin thecontext wheregeneticcircuitry controlstheconcentrationof themonomersvia a feedbackloop.
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Figure3.22:Theratesof reactionsfor varioustile associationanddissociationstepsin theKinetic
AssemblyModel. Notethatall on-ratesareidentical,andthatoff-ratesdependonly uponthetotal
strengthof correctedgematches.Mismatchededgesandemptyneighborsaretreatedidentically.

Wenow wishto understandthebehavior of theKineticAssemblyModelasafunctionof it two
freeparameters,��� % (controlledby monomerconcentration)and �

�

�

(controlledby temperature
andby sticky-endlength).Ournaivepredictionis thattheratio

�

H��

�

��


playstheroleof
�

in theTile
AssemblyModel. If for small �



	



�

�

�

�

��� %

�

�

�

�

� � 	 


thenfor a tile with � matchesatasite,
�

�

�

�
�

�

�

�

�

�

��


�

�

H��

�

�

�

�

� 


�

� 


andthesitewill tendto be�lled. But a tile with � � � matcheswill have
�

�

�

�
�

�

�

�

�

<
	

�

�

?

�

��
��

� 


and the tile will tend to dissociate. Becauseat equilibrium for the local site, the correct tile
is preferredover incorrecttiles by a factor of �

�

��
 , we expect that for large �

�

�

, the Kinetic
AssemblyModel will with high likelinessproduceaggregatesproducedby the Tile Assembly
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Model. To con�rm this expectationanddelineatewhen it applies,we will have to understand
when local equilibrium is achieved, when the kineticsworks in our favor, and when it works
againstus.

We begin our detailedanalysisby simulatingthe behavior of the Kinetic AssemblyModel.
Becausethereare an in�nite numberof possibleaggregate types,we cannotsimply integrate
the rateequationsto determinethe time evolution of the concentrationof eachaggregatetype.
However, sinceaggregatesdo not interactwith eachother, we candevelop our simulationfrom
theperspective of an individual aggregate,startingwith a chosenseedunit. Reactionratesnow
becomeprobabilityratesfor aPoissonprocess:theassociationor dissociationof amonomerfrom
thecurrentaggregate.In sucha simulation,theprobabilityof observinga particularaggregateat
simulatedtime � correspondsto thefractionalconcentrationof thataggregateat time � according
to thefull model.

The simulationproceedsasfollows: A 2D arrayis usedto storethe arrangementof tiles in
thecurrentaggregate. Initially thearraycontainsall zerosto indicateemptysites,exceptfor the
origin, whichcontainstheseedtile. To determinethenext event,theratesof all possiblereactions
mustbeknown. All � emptysitesadjacentto theaggregatearecounted;theneton rateis

���

�

�

�

�
�

�

�

�

�

H��

�

For all occupiedsites �

�


 � � within the aggregate(except for the seedtile at the origin), the tile
typesof its neighborsarenotedandthetotal strength�

� 
 of all matchinglabelsis calculated;the
netoff rateis �

�

� �

�
�

�

�
�

� �

�

� where

�
�

� �

�

�

�

�

� 
 s.t. �

; V

�
�

��

�

�

�

�

; V

�

� 


�

Thusthenet ratefor eventsof any kind is �
�

�

�

�

�
�

�

� �
�

� �

, andthe time until thenext event
occurs,

�

� , is chosenaccordingto theBoltzmandistribution
���

�

�

� �

�

� �

�

���

���

���

�

� . Now, given
that an event hasoccurred,the probability that it is an on-event is �	�

�

� ���

�

� , in which caseall
sitesandall tile typesareequallylikely to bechosen;otherwisea dissociationhasoccurred,and
theprobabilitythatsomesitewith � bondsdissociatesis �

�

� �

�

� � �
�

� �

, andagainall suchsitesare
equallylikely. Oncetheeventis chosenandthearrayis updated,all ratesmustberecalculatedto
determinethenext event41.

3.3.4 Simulation Results

This sectiondiscussessimulationsof theself-assemblyof theSierpinskiTiles usingtheKinetic
AssemblyModel. An examplerunis shown in Figure3.23.Severalfeaturesof thissimulationrun
warrantcomment.

Shape: Thegrowth front doesnot advancesynchronously, but ratherperformsa biasedrandom
walk, with thefollowing restriction:becausestableadditionoccursonly at concave corner
sites(slots)on thegrowth front, no sitescanbemorethanonestepaheadof or behindits
neighbors.Thegrowth front is concave onaverage:theboundarytilesgrow fastestbecause
theirgrowth siteis alwaysavailable,while internalregionsonthegrowth front grow slower
becausestableadditioncanoccuratonly a fractionof sitesatany giventime.

41Theactualcomputercodeis optimizedto remove redundantcalculations,of course!
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Err ors: For themostpart, theSierpinskiTriangleis accuratelyreproduced.However, incorrect
tiles do appear. In the �rst threeframes,incorrecttiles canbe seenon the borderof the
aggregate.Theseareinconsequentialerrorsdueto theequalon-ratesof all tiles; they will
fall off immediatelyandcauseno permanenterrors.However, in the last framewe seean
incorrecttile which hasbeenembeddedwithin the aggregate;althoughit hasa mismatch
with its predecessors,successive tile additionshave beencorrectwith respectto theerror,
andnow theerroneoustile has3 matchededges.It hascauseda permanenterror, andthe
misinformationspreadsto all downstreamcellsin thecomputation.

Array Size: In the last two frames,thesizeof theaggregatehasexceededthesizeof thearray
usedin the simulation. Thus the Kinetic AssemblyModel is not perfectlysimulated;a
maximalsizeof aggregateis imposed. In the simulationsbelow, this doesnot affect the
resultsin theregion of interest,but it doesexplain theconstantsize(themaximum)found
duringfast,randomaggregation.

Figure3.23:Growth of theSierpinskiTriangle.Greyscaleindicatesthetile typein theaggregate.
Thesimulationusesparameters�

�

�

� m and
�

�

� ���

�

, andtheseedis acornertile. Thesevalues
correspondto monomerconcentrationof 3 ��� and

�

�

�

� /sec, with sticky endsof length5, and
�

�

�

�

� C; theframesshow growth after9, 18,36,63,99,and162seconds.

To mapout the parameterspaceof this model,simulationsof the Sierpinskitiles wereper-
formedfor all � � �

� %

 �

�

�

� � � . Eachsimulationwasrun for �

� �

�

�

simulatedseconds,thus
on averageeachunoccupiedsitecouldexperienceup to 60 on-eventsof eachtype;consequently,
the distribution of aggregatesizesis comparableacrossdifferentparametervalues. Figure3.24
shows theresultsfor (a) aggregatesseededby thecornertile and(b) aggregatesseededby a rule
tile, indicatingboththeresultingsizeof theaggregateandthenumberof errors42 in theaggregate.

42What'sactuallycalculatedis thenumberof erroneous(mismatched)bonds,not thenumberof erroneous(incorrect
with respectto their neighbors)tiles; a singlemisplacedrule tile couldberesponsiblefor 4 suchmismatchedbonds.
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Figure3.24: Phasediagramsfor the Sierpinskitiles ascomputedby simulation: (a) aggregates
seededby thecornertile, and(b) aggregatesseededby a rule tile. Eachdiscrepresentstheresults
of a singlesimulationon a �

m

�

�

m array; the sizeof the disc representsthe �nal sizeof the
aggregate,while the shadingrepresentsthe numberof errorsas a fraction of total size. Each
run wasgiventhesame“unitless” time; thuswhen � � % is high (correspondingto low monomer
concentrationandthusslow assembly)moretime is allowedsothaterror ratescanbecompared
easily. Solid black indicateszeroerrors. We seethreeregimes:

�

�

� regime (no growth),
�




�



� regime(includeserror-freeassemblynear

�

�

� ), and
�



� regime(uncontrolled

randomgrowth to maximalsize).Notethatthe
�

�

� transitionis smooth,andhenceis nota true
phaseboundary.

The lines show
�

�

�

H��

�

��


�

� and
�

�

� , which we will respectively call the melting
transitionandtheprecipitationboundary. Above themeltingtransition,no aggregatesgrow from
either seed. Below the precipitationboundary, monomersassociatefreely to producerandom
aggregatessimilar to thoseproducesin theTile AssemblyModel at

�

�

� . Therateof growth
of randomaggregatesappearsto fall off exponentiallyabove the precipitationboundary;this is
indicatedby thedecreasingsizeof aggregatesseededby a rule tile in (b) andby thedecreasing
errorratewithin aggregatesseededby thecornertile in (a). Theresultis thatthereis alargeregion
of parameterspacewheresimultaneously(1) growth doesoccur, (2) errorsarerare,and(3) growth
not initiatedby thecornertile doesnotoccur43. Wecall thiscontrolled growth.

Weareparticularlyinterestedin thebehaviour of theKineticAssemblyModelnearthemelting
transition.Figure3.25ashows thesizeandnumberof errorsasa functionof �

�

�

, for �
� %

�

�

� .
Upon passingthe melting transition( �

�

�

� m ), the sizeof aggregatesseededby the cornertile
grows dramatically, whereasaggregatesseededby the rule tile do not grow until �

�

�

� � � ,
at which point all aggregatesareoverwhelmedwith errors. Therearea few isolatedinstances
whereaggregatesseededby therule tile grow unusuallylarge for �

�

�

near8; in thesecases,the
aggregatehasincorporateda boundaryor cornertile, which allows for further growth. Errors

However, at low error ratesthesetwo measuresareequivalent. ª100%ºmeans1 mismatchedbondper tile; theerror
ratethereforecouldexceed100%for optimallymisplacedtiles,but it doesnotdosoin thesesimulations.

43Startingwith a boundarytile asa seed,growth would occur, but wouldsoonincorporatea cornertile andproduce
aproperSierpinksitriangle.
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Figure3.25: (a)Simulationresultsfor �
� %

�

�

� for aggregatesseededwith thecornertile anda
rule tile. Notethatfor large �

�

�

, whererandomaggregationis occurring,theaggregategrows to
�ll theentire �

m

�

�

m array. (b) Errors,asa fractionof aggregatesize,alongtheline � � %

�

�

� .
(c) Errorsalongtheline

�

�

� ��� , usinga �

m

�

�

m array. Becauselog axesareused,datapoints
wheretheaggregatehadzeroerrorsarenotshown.

appearto decreaseexponentiallyas �

�

�

�

m (Figure3.25b). Figure3.25cshows the behavior
along

�

�

� ��� , wherethesystemis suf�ciently far below themeltingtransitionto grow quickly,
andyetsuf�ciently closeto themeltingtransitionto getlow errorrates;again,errorsappearto fall
exponentiallywith �

�

�

.

In conclusion,it appearsthatwith probabilityof errorexponentiallylow in �

�

�

, the kinetic
modelat

�

�

� � 	 reproduces44 theTile AssemblyModelat
�

�

� .

44To accountfor thepossibilitythat theTile AssemblyModel producesmany distinctaggregates,we notethat the
probabilitythatasize-� aggregateproducedby theKinetic AssemblyModel is notalsoproducedby theTile Assembly
Model is exponentiallylow.
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3.3.5 Analysis

Equilibrium error rates. We would like to understandwhy the Kinetic AssemblyModel pro-
ducestheseresults.We begin by analyzingtheequilibriumconcentrationsfor thereactionequa-
tions.Consideranaggregate

�

�

� �

�

� wherethetile � has� bondswith
�

� . At equilibrium,the
principleof detailedbalancetellsusthat45
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Calculatingequilibriumconcentrationsfrom any orderof tile additionstepsyieldsthesameresult,
so we cancalculatethe concentrationof

�
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A

����� �
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from any sequenceof additionsfor
producing

�

. Let � � bethenumberof bondsfor theaddition
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So we seethat the concentrationsof aggregateswith
�

�

�

�

	

�

�

will grow with � , while the
concentrationsof otheraggregateswill shrink46. We would like to make a predictionfor error
ratesbasedon theequilibriumassumption.To do this,we ignorethetotal concentration,andjust
ask,“Of all materialcontainingsize � aggregates,whatfractionis withouterrors?”

To computethis, we mustknow thevalueof � � for aggregatesof interest.Note that for the
SierpinskiTiles, any aggregate

�

�

producedby the Tile AssemblyModel at
�

�

� (i.e., an
aggregatewith 0 errors)hasexactly �4�

�

�

� � � � ��� becauseevery tile additionstepcontributes
exactly2 bonds.Furthermore,all otheraggregatesmusthave �

�

�

� � � � ��� � �
�

�

� , ameasure
of their suboptimality47. Aggregateswith small � look like perfectSierpinskiaggregates,but
with a few internalerrors.For size � aggregates,oneperfectandonesuboptimalby � ,
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Thisat leastpartlyexplainstheabsenceof aggregatesseededby rule tiles: any aggregateconsist-
ing entirelyof rule tiles musthave �

� �

�

� � � , andthustheir equilibriumconcentrationsare

45Notethat �

�

is constantbecauseall monomerconcentrationsareequalandheldconstant,while �

�

�

� dependson �

for theparticularreaction.
46Recallthatwe areassumingequilibriumhasbeenreached;takenliterally, this is patentlyabsurdwhenat equilib-

rium theconcentrationsof aggregatesgrows exponentiallywith their size. Theimplicationis that in orderto hold the
monomerconcentrationsconstant,we mustcontinuallybe providing new materialinto thesystem;this new material
¯ows throughthesystemto createlargerandlargeraggregates.

47Thiscanbeseenby notingthat �

�

�

>�0 (����
	 ��� N
	 ��� ������� � ����� N
	 ��� + �`>

F �

0`(������ ����������� N
	 ��� + wherethede®citis
dueto internalmismatchesandto theªsurfaceenergyº of unmatchededgeson theperimeter. An aggregateconsisting
exclusively of � ruletileswill haveperimeterat least� � � , andthus �

�

�

> � � >!� � and 1 [Q>!� � � > . An aggregate
with � �KY boundaryandcornertileswill have > mismatchedor unmatchededgesterminatingtheboundaryline andon
theperimeterat least� umatchededges;thus 1 [ L .
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exceedinglylow48.
To computethe fraction of all size-� materialwhich is errorless,we mustknow how many

aggregatesof eachkind thereare. Let � � be the numberof distinct size � aggregatesof sub-
optimality � . Thena size � aggregatechosenfrom theequilibriumdistribution is errorlesswith
probability
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For small � , wecanestimate�

H
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by notingthatfor eachperfectaggregateof size � , wecanmake

���

A

�

�	�

suboptimalaggregatesby inducingerrorsat � internaledges,andcompletingtherestof
thepatternproperly. Thus,
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We canseethat
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 . Sincethe �

�

�

is determined
by the lengthof sticky ends,we seethat by increasingsticky endlength,we canexponentially
increasethesizeover whicherrorlesscomputationcanbeexpectedto occur.

We couldhave arrivedat thesameconclusionmoresimply, but lessrigorously, by assuming
thatall tile additionsoccurin slotsandthetile is chosenindependentlyfrom thelocalequilibrium
distribution. (A site is in local equilibriumwhenthe tiles (or their absence)at neighboringposi-
tions do not change,andall tile additionandtile dissociationreactionsinvolving the site arein
equilibrium.)Then,
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Notethatthisanalysis,basedonassumptionsof equilibrium,predictsthaterrorratesareunaf-
fectedby ��� % . Thiswasnot theresultof oursimulation:errorratesincreasedramaticallyas � � %

dropsbelow themeltingtransition(i.e., asmonomerconcentrationincreases).Consequently, we
concludethatequilibriumis notachievedin thesecases.

The kinetic trap. Whatpreventsthesystemfrom achieving equilibrium?Theintuition is that
if thegrowth of thecrystalis fasterthanthe time requiredto locally establishequilibriumat the
growth sites,tiles will becomeembeddedand“frozen” in the interior of the aggregatewith an
out-of-equilibriumdistribution.

How longdoesit take for agrowth siteto reachlocalequilibrium?Consideragrowth sitethat
hasjust formed,andassumethatthelocal context (neighboringtiles) doesnot change.Monomer
tiles of all kindswill sit down at thesite,staya while, andthenleave, eachaccordingto its own
off-rate.If welook immediatelyafterthegrowth siteappears,theprobabilitythatthesiteis empty
is near100%;however, if we wait a very long time beforelooking, we will �nd eachtile, or an
emptysite,with their equilibriumprobabilities. If the local context doeschangeby additionof
tiles surroundingthegrowth site,thenthetile currentlyin placecanbe“frozen” thereeffectively
permanently;even if it hasonemismatchededge,threematcheson its otheredgescanmake its
off-ratevery low. Althoughthis is a very cartoonishpicture,it is thebasisfor our analysis,since
thefull systemis toocomplex to treatrigorously.

48Theconcentrationof a rule tile aggregate �
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is boundedby � �
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. (Recallthat & % > �'$ .) Theconcentrationat thecritical size,which
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Figure3.26:Model for kinetic trappingatasinglegrowth site.(a)Simpli�ed modelfor the�lling
of a new site. In state

�

thesiteis empty;in state
�

a correcttile is present;in state
�

analmost
correcttile (with onemismatch)is present;andin state� atile with severalmismatchesis present.
The sinks �

�

and �
� representfrozencorrecttiles andfrozenincorrecttiles, respectively. (b)
Theapproachto equilibriumdistributionat thesite,assumingthesitehasnotyetbeenfrozen.The
verticalbarmarkstheexpectedtimeat which thesitewill befrozen.

Let's look at theprobabilityof a particulartile beingpresentin thesiteasa functionof time,
prior to thesitebeingfrozen.For theSierpinskiTiles, four casesmustbedistinguished:�

�

� The
site is empty. The“off-rate” of emptinessis �

�

�

�

� �

�

�

�

�

H�� , sincethereare7 tiles. �

�

� The
correcttile is in place.It' s off-rateis

�

�
�

A �

�

�

�

�

A

�

� 
 . (A) Oneof two tiles with just onematch,
andoff-rate

�

�
�

	

�

�

�

�

�

�

� 
 . (I) Oneof 4 tiles with no matches,andoff-rate
�

�
�

�

�

�

�

. Let ��� � � �

be theprobability that �

�

� is thecase� secondsafter thegrowth sitehasappeared,assumingthe
sitehasnotyetbeenfrozen.Therateequationsfor themodelin Figure3.26a,excludingthesinks

�

�

and � � , canbewrittenas
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The behavior of �

� � � is shown in Figure3.26b. We want to know the probability that the
correct tile is in placewhen the site is frozen. During controlledgrowth, the rate of growth
is approximately

�

�

�

�

�

�

�

�
�

A ; thusa given site will be frozenin meantime approximately
�

�

�

� � �

�

�

�

�

�
�

A

� . With adecreasein �
� % (increasedmonomerconcentration),

�

�

increases,and
�

�

becomesearlier, leadingto amoreout-of-equilibriumfrozendistribution.

By includingsinkstates�

�

and � � into themodelof Figure3.26a,we cansolve exactly for

becomesakineticbarrierto theformationof largeraggregates(Erickson1980),approacheszeroas & �S> .
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thefrozendistribution. In thiscasetheequationsare
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� . The probability of the site being frozen with the correcttile,
� 


�

� � � , canbeeasilycomputedfrom thesteady-stateof therelated�o w problem,wherea unit
amountof materialis pumpedinto state
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andaccumulatesdifferentiallyin �
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In thisequationfor errorsdueto kinetictrapping,in contrastto theequilibriumprediction,the
errorratedependsuponboth �

�

�

and �
� % . Theequationpredictserrorratesthatarein qualitative

agreementwith thesimulations,asshown in Figure3.27.In thisanalysis,it becomesclearthatin
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Speedof assembly. We have alreadyobserved that theforwardrate
�

�

�

��

�

�

�

�

H�� depends
uponmonomerconcentration,andconsequently, asour error ratesimprove with increased� � % ,
simultaneouslythe speedof computationdropsdramatically. Now that we have an analytical
expressionfor

���
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�

� �

� �
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�

� � ��� � � � � , baseduponour simpli�ed kinetic trapmodel,we cande-
terminetheconditionswhich achieve a giventargeterror rate � with thefastestrateof assembly
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Thusit appearsthatwehaveahardphysicallimit onwhaterrorratescanbeachievedby DNA

self-assemblywithin reasonabletime limits. If we wish to have a netforwardrateof 1 tile added
per second,thenthe bestwe canachieve is anerror rateof 1/1000;while if we werewilling to
wait half anhour for eachaddition,we couldget anerror rateof �

�

� �

�

� , andwe couldgrow
someperfect� � �

�

� � � aggregatesover thecourseof aweek.

3.3.6 Discussion

The above simulationsand theoreticalargumentsboth con�rm that in the Kinetic Assembly
Model, aggregatescan grow with �nite speedand arbitrarily low per-site error ratesfor large

�

�

�

and
�

�

� � 	 . We shouldbecarefulthattheanalysisdoesnot dependupontheparticulari-
tiesof theSierpinskiTiles. It caneasilybeveri�ed thatif therule tilesuse� labels(insteadof the
2 labelsusedin theSierpinskiTiles) andtherearea total of � tiles (insteadof the7 Sierpinski
Tiles) thentheanalysisis unchangedexceptthat

� �

���

� �

� �

�

�

�

� � �

�

� �

�

�

�

�

� �

�

� � � � � � � � � ��� ���

�

�

��


and

���

�

�

�

� �

� �

�

�

�

� � � � � � � �

�

	

�

�

=

�

�

�




	

���

=

�

�

�




�

A

<

�

�

	@?

���

=

�

�

�

E

�

�

�

	

�

A

<

�

�

	@?

���

=

�

�

�

�

� ��� � � � � ��� �

�

<

�

H��

�

�

��


?

andtheoptimalgrowth ratenow occursdisplaced
�

�

�

���

A

<

�

�

	@?

�

above
�

�

� . Wenow loosely
discussotheraspectsof themodel.
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Figure3.28: Analysisof thephasediagramfor 2D self-assembly. Linesmarkthemeltingtransi-
tion

�

�

� , theprecipitationboundary
�

�

� , a line of constanterror rate �
� %

�

�

�

�

�

�

� ,
andtheline onwhichoptimalgrowth ratesoccur � � %

�

� �

�

�

� �

�

� .

Energy use.Reversiblecomputershave thepotentialto computeusingarbitrarilylittle energy
perstep,becauseno informationis erasedduringthecomputationitself (Landauer1961;Bennett
1973). The systemdescribedhereusesonly fully physically reversiblereactions,and thus is
a candidatefor low-energy computation;althoughnon-reversible1D cellular automatamay be
simulated,the2D patternrecordsa historyof theentirecomputation,andthusno informationis
lostatany step.Duringcontrolledgrowth at

�

�

� � 	 , theamountof energy usedby thesystem
equalsthefreeenergy lostasheatoneachstep:

�

�

�

�

�

� � ��� % � � �

�

�

�

�

�

�

	 �

�

�

�

� �

For any �x ed �

�

�

, errorratesandenergy usearesimultaneouslyminimizedasthemeltingtransi-
tion is approached.

An entropic ratchet. Whathappensat
�

�

� exactly?Wealreadyknow thatat
�

�

� , opti-
malequilibriumerrorratesareachievedandnoenergy is usedto power eachstep;theprobability
of goingbackwardsis identicalto theprobabilityof going forwards. In a 1D reversiblecompu-
tation,like that imaginedby Bennett(1973),therandomwalk would leadto no netcomputation
performed.However, in our 2D system,thenumberof possibleerrorlesssize � aggregatesgrows
with � . Thus,asthestate-spaceis exploredatequilibrium,it will beentropicallydrivento perform
computation!This oddity deservesfurtherattentionto seewhetherit would still bepresentin a
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morerealisticmodel.
Experimentally accessiblyregimes. We have alreadydevelopedthe relationbetweenour

abstractparameters��� % and �

�

�

and relevant parametersof a real system,suchas monomer
concentrationandfree-energiesof hybridization;Figure3.23showedthat low error ratescanbe
achieved for realisticparameters49, given our assumptions.We canmake our argumentsmore
realisticby consideringwhathappensasa solutionof monomersis slowly annealedfrom a high
temperaturetoalowertemperature.At any momentin time,weplot thecurrentreactionconditions
asapointonFigure3.24to determinetherateof growth andper-steperrorrate.Supposeinitially

� � %

�

� � and �

�

�

�

�

; here,above themeltingtransition,themonomersareall freein solution.
As the temperaturedecreases,�

�

�

will increase,and our point follows a horizontaltrajectory
straighttoward

�

�

� . Justbelow themelting transition,theaggregatewill grow (with optimal
errorratesfor thecurrent�

�

�

). Consequently, themonomerconcentrationwill drop,and � � % will
increase,bringingthesystembacktoward

�

�

� . Solongasthetemperaturedropsslowly enough,
thesystemwill stayjustbelow themeltingtransition,andourpointwill follow atrajectoryparallel
to

�

�

� . Thus,by annealling,theself-assemblyprocesswill automaticallymaintainitself in the
regime whereerrorsare most infrequent. Optimal annealingschedulesarean issuefor future
investigation,andto beof practicalusethey will have to take accountof thenon-idealitiesof the
system.

Imperfectionsof a realsystem.Thecarefulreaderwill immediatelyobserve thattheconcen-
trationsof differenttileswill bedepletedat differentrates,thusbreakingour originalassumption
thatall tilesarepresentatequalconcentrations.Thiswill introduceadditionalfactorsinto theerror
analysis.Therearemany otherwaysin which realsystemswill deviatefrom theKinetic Assem-
bly Model. Freeenergiesof hybridizationfor differentsticky-endsequencescannotbeperfectly
matched,sothemeltingtransitionsfor differenttileswill differ slightly. Worseyet, imperfectlyor
partiallymatchedsticky-endsmaycontributeto thefreeenergey of interactionbetweentileswith
mismatchededges,in violation of themodel's assumptionthatonly correctlyedgescontribute to

�

�
�

���

�

. It remainsto bedeterminedhow importantthesefactorsare.
Cooperativity of binding. TheKinetic AssemblyModelmakesastrongassumptionthattwo

bindingsitesonthesametile will actcooperatively whenbindingto anaggregate.Speci�cally, it is
claimedthat

�

� �

A

�
�

�

�

�

�

�

�

� �

	

�
�

�

� . Therearethreepointsto make. First,therigidity of double
crossover molecules,asdemonstratedby Li et al. (1996),suggeststhatthebindingeventsshould
acttogether– in particular, theslot-�lling eventduringpropergrowth shouldbecooperative. This
intuition canbebolsteredby estimatingthe“effective” localconcentrationof theremainingsticky
endafter oneendhasbound– giving an estimatefor the additional“loop entropy”(Cantor and
Schimmel1980,p. 1205) requiredto closethe secondend in the slot. Sincedouble-stranded
DNA hasapersistencelengthof approximately130nt (CantorandSchimmel1980,p. 1033)and
DX moleculesspanroughly40 nt from endto end,thephysicaldistancebetweenthesticky ends
may �uctuate from 12 to 14 nm, thusexploring a volumeof � � � � � nm� , with the free sticky
endassumingperhapsa rangeof � � �

�

� � � orientationsat eachposition.This correspondsto an
effective concentrationof

�

�

�O�

�

� sticky end
� � � � nm

�

�

� � �

�

�

�

A

��� �

A

� nm�

�

�

�

�

A

�

�

�

A

� /liter
�

�

� �

A

�

sticky ends/mol
� �

� mM

andthusaloopentropy
�

�
� � �

�

�

�

�

�

�

�

� �

�

�

�

�

� cal/mol/K. Thisvalueis comparablewith the
initiationentropy of

�

� �

�

�

�

�

�

� cal/mol/K. At � � � C it increasesthefreeenergy of interactionby

49
# H���% !�L is anexampleof anunrealisticparameter:at 2 pM, �

�

% >�� Y�L

���

/secandmonomeradditionwill
occuronly twiceperday.
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� �

��m kcal/mol, which roughlyoffsetsthecontribution of a singlebase-pairbond( � � � � kcal/mol).
Thedeviationfrom perfectcooperativity shouldbenegligible,accordingto thisestimation.Exper-
imentalstudiesshouldbeableto measuretheextentof cooperativity; thepreliminaryexperiment
reportedin Winfree et al. (in press)arguesqualitatively for cooperativity in an analogousDNA
system.

Second,it is possiblethatin additionto freeenergy dueto sticky endhybridizationanddueto
loopentropy, therecouldbeenthalpiccontributionsto loopclosure,for example,if thedoublehe-
lix mustbetwisted,stretched,or otherwisedeformedin orderto �t into theslot. Doublecrossover
moleculetilescanbedesignedwith theintentionof minimizingtheseanticooperativeeffects,but it
remainsto beseenhow well thatworks. It mayalsobepossibleto exploit anticooperative effects
to enforcenegative interactionsfor mismatchingedgelabels. This would requireusingdiffer-
ently sizeddoublecrossover molecules,for exampleby changingthelengthsof thefour arms,so
thatgeometricmismatchesarepresentin additionto sticky-endsequencemismatches.It maybe
possiblethisway to implementa tile assemblymodelwith negative weights.

Third, just asthe initiation entropy wasfolded into the abstract� � % and �

�

�

parameters,a
loop entropy or mild anticooperative adjustmentcouldbetakenup by adjusting� � % and �

�

�

to
reproducetheon-ratesandoff-ratesfor themostimportantdouble-matchandsingle-matchcases.
The simplemodelwould be inaccuratefor the off-ratesof tiles with morethan2 bonds,but as
thesetilesseldomdissociatefor parametersof interest,this inaccuracy is irrelevant.

Alternative reaction mechanisms. The Kinetic AssemblyModel assumesthat the growth
of aggregatesoccursby additionof singlemonomersonly, andthusthatthereareno interactions
betweenaggregates.Reactionmechanismswouldnotaffect theequilibriumerrorratepredictions,
but Rothemund(personalcommunication)hasemphasizedthatdimer-dimerpathways,or otherin-
teractionsbetweenaggregates,couldbevery importantfor thekineticsof self-assembly, andthus
their inclusioncouldaffectkinetic trappingin theoryandin practice.Indeed,Malkin etal. (1995)
have directlyobserved,by AFM, crystalgrowth by sedimentationof smallthree-dimensionalnu-
clei.

It is alsopossible– perhapsI shouldsayprobably– thatalternative reactionmechanismsare
presentfor creatingnon-planarstructures,suchastubesor randomthreedimensionalnetworks.
Indeed,experimentalstudiesattemptingto create2D latticesof DX molecules(Winfree et al.
1998)found, for example,occasionalunexpectedrod-like structuresin additionto the expected
planar2D crystals.

3.3.7 Conclusions

Wehaveusedapairof simplekineticmodelsto understanderrorratesin theself-assemblyprocess
for algorithmically-de�ned2D polymerization.Our resultslendcredence,in lieu of a full exper-
imentaldemonstration,to proposals(Winfree1996b;Winfreeet al. in press)for computationby
self-assemblyof DNA: we have foundthat2D self-assemblycantheoreticallysupportcomputa-
tion with arbitrarily low error rates.This answersa questionraisedby Reif (in press),who was
concernedthat,asin the

�

�

� exampleof Figure3.19,anunfortunatesequenceof tile additions
couldleadto blockageswhereno tile can�t into anemptysitewithout a mismatch.We �nd that
blockagesarenotaproblemin ourmodel,but thethermodynamicsof DNA hybridizationgiverise
to anintrinsic per-steperrorrate.Largecomputationsrequirelow concentrationsandhencevery
slow growth rates.This is thealgorithmicequivalentof the fact, in conventionalcrystallization,
thatlargeperfectcrystalsform underconditionsof slow growth nearthesolubility line (Kametal.
1980).
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A few worked-outexamplesfor the caseof the SierpinskiTiles are illustrative. From our
investigationsof kinetic trapping,wefoundthatthereis anoptimalgrowth rate

�

�

for every target
errorrate � . At this growth rate �

�

� �

�

�

��
 , � DX
	

�

� �

�

�

A

M, and
�

�

�

� � �

� �

� �

�

�

A

/sec, where
� 
 �

�

�

�

�

�

�����

K
�

� � ��� � � �

�

� � �

�

� for thehybridizationof a singlesticky endof length
� . Assembliesof � � �

�

�

�

� �

� tileswouldbeexpectedto containoneerroronaverage;thereis an
inverserelationshipbetweentherateof assemblyandtheexpectedsizeof error-freeaggregates.
For example,sticky endsof length5 at room temperaturegive �

�

�

�

� � and � � �

�

�

� � � � � ,
but requiresa concentrationof � DX

	

�

� �

�

nM andthusa rate
�

�

�

� �

� /hour. Thesamesystem
couldbe run at � � � C, where �

�

�

�

� � , � DX
	

�

� � pM, � � �

�

�

� � � � � � , and
�

�

�

� � � � /day;
or at �

�

� C, where �

�

�

� m , � DX
	

�

� �

�

��� , � � �

�

�

�

�

� , and
�

�

�

� � �

�

/sec. Underthe latter
conditions,a non-deterministicsetof DNA tiles in a reasonablevolume( � ml) couldgive riseto

� �
	 � distinct300-tileaggregatesin underaminute,thatis, � � 	

� operationspersecond.Thiswould
besuf�cient for solvingasimple40-variableSAT problemby subsequentligationandPCRto �nd
theanswer-containingstrandin the“good” aggregate.However, for this applicationanadditional
sourceof errorswouldbefalse-positivesdueto non-answeraggregateswhich,becauseof anerror
duringassemblyor duringPCR,appearto be“good;” anadditionalerroranalysisis requiredin
thiscase.

Whatareweto doif wewantfasterandlesserror-pronecomputation?Reif (in press)suggests
usinga combinationof autonomousself-assemblyandstep-wiseprocessing;his ingeniouscon-
structionsperformacomputationin aseriesof self-assemblystepseachof whichonly requiresthe
formationof smallaggregates.Becausethenumberof stepsis kept low (for example,computing
acircuit of size � requires��� ���	� � � self-assemblysteps),thereis promisefor asymptoticallybetter
errorrates;however, adetailedanalysisremainsto bedone,andmaybedif�cult dueto thelackof
experimentalevidencefor thecomplex DNA structuresandself-assemblyreactionsheproposes.

Is it possibleto get fasterandlesserror-pronecomputationin anautonomousself-assembly
system?Biology makesuseof anenergy sourceto improve errorratesby “proofreading”mecha-
nisms(Kornberg andBaker 1991).Kinetic proofreadingmechanismscanbefairly simple(Hop-
�eld 1974); it would be interestingif sucha mechanismcould be devised to mediatethe self-
assemblyof double-crossover molecules.Alternatively, onecanaccepttheintrinsicerrorrateand
try to deviseerror-correctingalgorithmswhichcouldimprove theoverall errorrateexponentially
with aslowdown only linearin thenumberof extra tile types.
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Chapter 4 Experimentswith DNA Self-Assembly

4.1 A Competition Experiment: Slot-Filling

Abstract1 In this sectionwe examinethequestionof whetherthetwo bind-
ing domainsin the input region of a rule moleculeactcooperatively duringa
slot-�lling reaction.A well-de�ned DNA systemhasbeendesignedto model
a singleslot analogousto the onein a growing lattice. The systemconsists
of threelogicalpieces:ABC, D, andD'. DandD' modelrulemoleculeswhich
matcheitherbothor justoneof theslot's two sticky ends.Thus,by competing
DagainD', wecandeterminetheextentof thepreferencefor DoverD' for �ll-
ing theslot. By analyzingligationproducts,whereinaclosedcircularspecies
indicatesthe correctinsertionof D in the slot, we observed that D waspre-
ferredevenin thepresenceof a64-foldexcessof D'. This is strongsuggestive
evidencethat theslot-�lling reactionin lattice formationis alsocooperative,
asis requiredfor ourmodelof computationby self-assembly.

The theoreticalstudiesof previous chaptersonly point to the possibility of algorithmically-
patternedlatticesof DNA. Therearetwo majorissuesto beinvestigatedexperimentally. The�rst
is whetherhomogeneouslatticeswill form; i.e., whetherthe geometricstructureitself will self-
assemble.Thesecondissueis whether, in thepresenceof multipleunitsin solution,thelogically
correctunit will hybridizein eachslot. This competitive processfor �lling eachslot is essential
for computation,asa singleerror canpropagatethroughouttheentirecomputation.Ultimately,
errorrateswill determinethesizeof latticein which reliablecomputationmaybeperformed.

Wehavebegunaninvestigationof thesecondissue.We�rst build amodelmolecularcomplex,
called ABC, which containsa single slot and no other sticky ends. ABCis composedof two
doublecrossover molecules,A and C, and a duplex linker B. ABCis createdby ligating eight
oligonucleotides;the�nal structurecontainsfourhybridizedstrands.Ratherthantesttheassembly
of adoublecrossover unit into ABC'sslot,wemodeltheunit by a linearduplex “linker”, calledD.
WhenABCis properlyhybridizedto D, we call thecomplex ABCD. Completelyligated,ABCDis
a complex catenanewith four interlocked circles. To testthespeci�city of thehybridization,we
alsohaveamismatchedlinkerD', whichis perfectlycomplementaryto only oneof thesticky ends
in theslot. We expectthatABCD' cannotbecompletelyligated,dueto themismatch,andhence
ABCD' doesnot form acatenane.Thesemolecularcomplexesarediagramedin Figure4.1.

Experimentally, wemustestablishthatthedoublecrossover moleculesA andCform properly
uponannealingtheircomponentstrands.Asdevelopedin FuandSeeman(1993),wherethedetails
of hybridizationwereprobedby moreextensive structuralcharacterization,a goodindicationof
properassociationis asinglebandof mobility in anon-denaturinggelappropriatefor thetopology
andmolecularweight.TheligationproductsABC, ABCD, andABCD' (bywhichwemeanwhatever

1Resultsin this sectionalsoappearin Winfree et al. (in press),and includejoint work with Xiaoping Yangand
NadrianC. Seeman,asdescribedin Chapter1. Thanksto JohnAbelsonfor generouslyproviding laboratoryfacilities
atCaltechfor someof theexperimentsreportedhere.



79

����� �����
	���
������
�������
���������������
���������
���
�����������������
�������
���
�������
�����
�������
�����
�������
���������
���
�������
���
���������
���������������
�����
�����
�

�
��� �����
	���
������
���
�����
�������
�
�����
�����������
�
���������
���
���
���������
���
���
���
�����������
���
�

�
��� �����
	���
������
�������������
���
�����������������
�������
�����
�����
�

����� �����
	���
������
�
�������
�������
���
���
�����
���������������
���
���
�������������������
���
���������������
�������
�����
���
�����
�

�
��� �����
	���
������
�����
�������
���
�������������
���
�����
���������������
���
���
�������
���������
�����
���
���

����� �����
	���
����
�����
���������
�����
���������
�������
�����
���
���������
���������
���
�����
�����������
�������������
���������
�
���
�������
�����
�������������
�����

����� �����
	���
������
�
�����
�������
�
���
�������
�������
���
���
�����������
�
�������������
�
�����
���������������

����� �����
	���
������
���
�����
�������
���
���
�������
���
�
���
�������
�����

����� �����
	���
��
���������
���������
���������
�������
�������������
�������
�����������
�������
�����
�������������
�����������������
���
���

�
��� �����
	���
��
���������
�������
���������
�������
�����
���
���������������
�
���������������
�����������
���
���
�

������� �����
	���
��
���������
���������
���������
�������
�����������
���������
�����������
�������
�����
�������������
�������������
���
�
�����

�
����� �����
	���
��
���������
�������
���������
�������
�����
���
���������
�����������������������
�����������
���
���
�

�� !
"
#�$�%����
�'& � � �

�������
�����
�������
�����
(������
�����������)���
���������
(
�������
����������� �������������
�����
(
�����������������
�����
�����
�
(��
�����
�������
�
�����

���
�����
�������������
�������
�����������
�*���������
���+���������
�����
�
��(����
�����
� ���������
��(��
�
�����������
���+�������
���
�*�
�����������
�
�����������
�������������

�������������
�
�������
���+���
���
���������������
���
�������������
�����
���
(������������+�
���
�����
���
�����
�������
���
�����������������
�
�����
���
���������
�������
�������
���������
���,���
�������
(����
�����
�����
�������������
���-�
�����������
���+�������
���
�
���
�����

���
�������
�
���
���������
(��
�������������������
���
�����
(��
�����������
�����,�������
����(����
�����������
���
�����
�����
�����
���
���
���
�����
�����������������
�
�������������������
�
�����
(��������
�
�,�
�����
�����
�����
(��
�����
���������
���
����������(����������
�������������

�� !
"
#�$�%����
���.& � �
/�� �

�������
�����
�������
�����
(������
�����������)���
���������
(
�������
�����������+�
���������
(������������������
�������
�����������
�
�����������
���
�
�����������
���
�����
�����������
���
���
����(����
�������0�������������
�����
(
�����������������
�����
��������(��
�����
�������
�
�����

���
�����
�������������
�������
�����������
�*���������
���+���������
�����
�
��(����
�����
���
���������
���
���
���������
�����
�
���������
�����
�����������
�������
�����������������
�
���
�����0���������
��(��
�
�����������
���+�������
���
�*�
�����������
�������������
�������������

�������������
�
�������
���+���
���
���������������
���
�������������
�����
���
(������������+�
���
�����
���
�����
�������
���
�����������������
�
�����
���
���������
�������
�������
���������
���,���
�������
(����
�����
�����
�������������
���-�
�����������
���+�������
���
�
���
�����

���
�������
�
���
���������
(��
�������������������
���
�����
(��
�����������
�����,�������
����(����
�����������
���
�����
�����
�����
���
���
���
�����
�����������������
�
�������������������
�
�����
(��������
�
�,�
�����
�����
�����
(��
�����
���������
���
����������(����������
�������������

12

12 34 56 34

7

56 8

8

9

9:

:

:

:

7

8

;<

;<563456 834

7

7

9

9

:

:

:

:

12

12 34 56 34

7

56 8

8

9

9:

:

:

:

7

8

;<

;<563456 834

7

7

9

9

:

:

:

:

8

7

614 16 10 6 52 6 6 10 16 12

B2

D1 C3

C2

C1D2A2

A1 A3 B1

84

=

Figure 4.1: Sequencesand Structuresfor ABCD. Sequencesare written 5' to 3'. 3' endsare
denotedby arrows in thediagrams,andstrandlabelsarenear5' ends.Lengthsaremeasuredin
nucleotides.Above, sequencedetailsaregivenalongwith schematicrepresentationsof ABCand
ABCD(not ligated).Below, moregeometricdetail is sketchedfor A, B, C, D, andABCD(ligated).
Diagramsillustrateintendedstructuresonly.

it is wegetwhenweintendto makestructuresABC, ABCD, andABCD' respectively) areexamined
both in non-denaturinganddenaturinggels; in the former we are looking for a singlebandof
approximatelythecorrectapparentmolecularweight,while in thelatterwearelooking for linear
strandsof thelengthspredictedfor ligation.Ligationof doublecrossovermoleculeshaspreviously
beenshown to bewell-behaved (Li et al. 1996). Topologicallyclosedstructures,suchasABCD,
canbe assayedby treatingwith an exonuclease(Ma et al. 1986). Although noneof thesetests
is absolutelyrigorous,togetherthey maygive uscon�dencethat thereactionsareproceedingas
predicted.

4.1.1 Materials and Methods

SequenceDesign.Thetwelve strandsrequiredfor A, B, C, D, andD' weredesignedby applying
theprinciplesof sequencesymmetryminimization(Seeman1990),wherethedesignprocessen-
suresthat thereareno complementaryregionsbetweenstrands,exceptasdesired.In short,each
doublecrossovermoleculeis designedby creatingsequencesappropriatefor two asymmetricHol-
liday junctions,thenjuxtaposingthesesequencesasappropriatefor a four-strandedDAO, adding
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hairpinsequencesandre-phasingA1 andC1 to put thenick in thecentralregionof theDAO. A1's
hairpinregionsarelongerthanC1's to allow A1 andC1 to bedistinguishedongels.Thelengthsof
thelinkersB andDwerechosensuchthatbothDAO unitsshouldbenearlycoplanaraccordingto
anestimated10.5basepairsperdoublehelicalfull turn. Exactsequencesaregivenin Figure4.1.

Synthesisand Puri�cation of DNA. All strandsweresynthesizedon an Applied Biosystems
380B automaticDNA synthesizerusing routinephosphoramiditeprocedures(Caruthers1985).
DNA strandswerepuri�ed by denaturingpolyacrylamidegel electrophoresis.DNA concentra-
tions wereestimatedby �

�

A

�

�

. All strandswerephosphorylatedby T4 PolynucleotideKinase
(U.S. Biochemicalor Promega), followed by phenolextractionandethanolprecipitation.DNA
wasnotradiolabeled,with theexceptionof theDNA usedfor Figure4.6,for which10%of strands
werephosphorylatedwith �

A��

-ATPandmixedwith 90%non-radiolabelledstrands.
Formationof Hydrogen-BondedComplexes. ComplexesA, B, C, D, andsubportionsthereof

wereformedby mixing stoichiometricquantitiesof eachstrandatconcentrationsnear1 ��� in 1x
USB T4 DNA Ligasebuffer (U.S.Biochemical:66 mM Tris � HCl (pH 7.6), 6.6 mM MgCl A , 10
mM DTT, 66 � M ATP;or Promega:30mM Tris � HCl (pH 7.8),10mM MgCl A , 10mM DTT, 500

��� ATP).Thesesolutionswereannealedfor two hoursfrom m

� �

�

down to roomtemperature.
Formationof CovalentlyBondedComplexes. ComplexesAB, BC, ABC, ABCD, andABCD'

wereformedby mixing stoichiometricquantitiesof annealedA, B, C, andD', followedby Dafter
20 minutes.Up to 50 unitsof T4 DNA Ligase(U.S. Biochemicalor Promega)wereaddedand
solutionswereincubatedin a �

�

�

�

waterbathfor 2 or 8 hours.Onesampleof ABCDwasfurther
treatedby adding 	

	��

�

�

volume10xUSBExonucleaseIII buffer (U.S.Biochemical)and100units
ExonucleaseIII (U.S.Biochemical),incubatedat � �

�

�

for 1 hour. Prior to beingloadedin gels,
solutionsfor gels(a) and(b) wereheatedto m

� �

�

andagainannealedto room temperature,to
denatureproteinsandre-formhydrogen-bondedcomplexes.For gels(c), ligationwasfollowedby
phenolextractionandethanolprecipitation,thensampleswereheatedto � �

�

�

for 5 minutesprior
to beingloaded.

DenaturingPolyacrylamideGels. Denaturinggelscontain8.3 M ureaand 8% acrylamide
(19:1acrylamide:bisacrylamide). Therunningbuffer is TBE (89 mM Tris � HCl (pH 8.0),89 mM
boric acid,2 mM EDTA). Thesamplebuffer contains0.1%bromphenolblueandxylenecyanol
FFtrackingdyesin 80%formamidewith 10mM EDTA. Samplesareheatedat m

�
�

�

for 5 minutes
immediatelyprior to loading. Gelsarerun at approximately60 V/cm and35 Watts,thensoaked
in StainsAlldyeanddigitizedby DeskScanII onanAppleMacintosh.

Non-denaturingPolyacrylamideGels.Non-denaturinggelscontain12.5mM �

�

=$= and8%
acrylamide(19:1 acrylamide:bisacrylamide), 0.75mm thick. The runningbuffer is TAE/Mg =$=

(40 mM Tris� HCl (pH 8.0), 20 mM aceticacid, 2 mM EDTA, 12.5 mM magnesiumacetate).
Theloadingbuffer contains0.02%bromphenolblueandxylenecyanolFF trackingdyesand5%
glycerol in ligation buffer. Gelsarerun at approximately16 V/cm and10 Wattsat � �

�

, then
soakedin StainsAlldyeanddigitizedby DeskScanII onanAppleMacintosh.

4.1.2 Results

Formationof Complexes.
The�rst questionis whethertheindividualduplexesanddouble-crossover moleculesA, B, C,

andDwill form from theircomponentstrands.Figure4.2showsanon-denaturing“formationgel”
for double-crossover moleculesA andC. Eachlanecontainsa differentsubsetof strands.Each
laneshows a singleprominentband,indicatingthat the strandsform a speci�c complex. Faint
bandsarepresumablytheresultof poorstoichimetry. For example,a de�cit of A3 in lane5 could
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explain theminorproductionof A12 in this lane.We estimatethatthebandsfor A andC in lanes
3 and8 containover 90%of thematerial;however, this is not a quantitative measurement.The
mobilitiesof thepartialcomplexesfor A areaswouldbeexpectedfor double-strandedDNA of the
samemolecularweight: A23 
 A12 
 A123. Lane9 containsananomolousmajorband:rather
thanseeingC12 at the 132ntlevel, we seea major andminor bandabove the 200 nt level. We
now interpretthisasa C12C12dimerboundtogetherat theself-complementaryNde I andSal
I restrictionsites,asshown in Figure4.3. In theadditionalpresenceof C3, thesesitearedouble
strandedandthe dimer is not produced.Only oneof the armsof A hasa restrictionsite,which
explainswhy aA12A12dimerwasnotalsoobserved.

1 2 3 4 5 6 7 8 109

A12
A123 A123

A23 C123
C23

C123
C12

M
M

200 nt

400 nt

600 nt

84: A23, C23
132: C12
140: A12
164: C
172: A

264? C12C12

7% Non-denaturing PAGE

Figure4.2: Non-denaturinggel. Lanes1 and10: 100base-pairdouble-strandedladder. Lane2:
A12 (140 nucleotides).Lanes3 and5: A123 (172 nucleotides).Two preparationsof strandA1
wereused,whichapparentlyhave differentstoichiometry. Lane4: A23(84 nucleotides).Lanes6
and8: C123(164nucleotides).Two preparationsof strandC1 wereused,which apparentlyhave
differentstoichiometry. Lane7: C23 (84 nucleotides).Lane9: C12 (132nucleotides).Theband
at � 240nt is presumablythedimerC12C12.

Figure4.4 shows several stagesin the formationof ABCD. On the non-denaturinggel, the
duplexesanddoublecrossover moleculesA, B, C, andD form cleanbands(a, lanes1-4) which
migratewith approximatelythesamemobility asequivalentmolecularweightduplex DNA. Lig-
ationproductsABandBCalsoshow cleanbands(a, lanes9-10).LigationproductABCappearsas
themajorbandin its lane(a, lane8); anotherbandappearsat the level of AB andBC indicating
incompleteligation. LigationproductABCDalsoappears,webelieve,asthemajorbandin its lane
(a, lanes7 and5); aslowerunidenti�edbandalsoappears.After exonucleasetreatment,themajor
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                                   CA                         

                                   GA                          

   TTGTCTCGAGGT CCAGATGCA  CACTAGG   GTATACGT  GGATCAC  ACGTAGACC TGGAGCTCTGTT 
   TTCAGAGCTCCA GGTCTACGT  GTGATCC TGCATATG    CCTAGTG  TGCATCTGG ACCTCGAGACTT 

   TTCGCCGCTTGG ACTTGTGCT  ACGTGGT   GTCGACGG  TGGTGCA  TCGTGTTCA GGTTCGCCGCTT 
   TTGCGGCGAACC TGAACACGA  TGCACCA GGCAGCTG    ACCACGT  AGCACAAGT CCAAGCGGCGTT 

                                           AC           

                                           AG 

                      

    

    TTGTCTCGAGGT            CACTAGG 
    TTCAGAGCTCCA GGTCTACGT  
                          c1 

    TTGCGGCGAACC TGAACACGA 
    TTCGCCGCTTGG            ACGTGGT 

                                             c2 

                 CCAGATGCA 

                 ACTTGTGCT 

                            GTGATCC TGCATATGAC  

                            TGCACCA GGCAGCTGAG

   

 

    TTCGCCGCTTGG ACTTGTGCT  ACGTGGT                 

                                             c2 

                         c1 

                                    c2 

                                                        c1 

                                               GGATCAC  ACGTAGACC TGGAGCTCTGTT  

    TTGCGGCGAACC TGAACACGA  TGCACCA GGCAGCTGAG 

                                               TGGTGCA  TCGTGTTCA GGTTCGCCGCTT 
                                    GAGTCGACGG ACCACGT  AGCACAAGT CCAAGCGGCGTT

                                    CAGTATACGT CCTAGTG  TGCATCTGG ACCTCGAGACTT

    TTCAGAGCTCCA GGTCTACGT  GTGATCC TGCATATGAC  
    TTGTCTCGAGGT CCAGATGCA  CACTAGG                    

Nde I

Sal I

Figure4.3: Proposedstructurecausingtheanomolousbandin Figure4.2 lane9. First C1 andC2
hybridizeto form C12, thentwo C12 moleculesbind at self-complementaryrestrictionenzyme
sites.

bandof ligationproductABCDis still apparent,thoughdiminished(a, lane6).

Onthedenaturinggel,weobtainfurtherevidenceof ligationactivity by observingthelengths
of newly createdoligonucleotides.Lanes1-4 canbeusedasmarkersfor the lengthsof mostof
theoriginal oligonucleotides:A1 (88), A2 (52), B1 (64), B2 (52), C1 (80), C2 (52), D1 (64), D2
(52). A3 andC3, both32 nucleotides,ranoff thegel. Lane10, productAB, shows theexpected
formationof A2B1 (116) andB2A3 (84); lane9, productBC, likewise shows the formationof
B1C2 (116)andC3B2 (84); andlane8, productABC, shows theexpectedformationof A2B1C2
(168)andC3B2A3 (116). Lanes5 and7, productABCD, containonly threesigni�cant bands:A1
(88), C1 (80), anda bandwhich migratesslower thana 2000nucleotidestrand,accordingto the
marker (lane11). Thisslow bandis exonuclease-resistant (lane6). Wethereforeconcludethatthe
bandcontainsthecatenaneA2B1C2D1:A3D2C3B2; i.e.,ABCDminustheA1 andC1 loops,which
apparentlywerenot ligated. Doublecrossover moleculeswith two nickshave beenshown to be
stable(ZhangandSeeman1994a),suggestingthatthenicksin A1 andC1 shouldnotsigni�cantly
affect theformationor stabilityof A or C.

Wewishedfurthercon�rmationof theidenityof thebands.It is possibleto determineexactly
whichsetof oligonucleotidesis presentin eachbandby “dif ferentiallabelling.” Here,werunaset
of nearlyidenticalexperiments,theonly differencebeingwhich oligonucleotidehasbeenphos-
phorylatedwith �

A

P. Onthegel,only productsincorporatingtheradiolabelledoligonucleotidewill
bevisisble.Thus,for eachband,wecansimplyreadoff thelanesin whichit appearsto determine
which oligonucleotidesareinvolved in the complex. If morethanonecomplex co-migrate,the
analysisgetsmoredif�cult. This is indeedwhathappensin thegelsshown in Figure4.5: on the
8% gel, theoutercircle andtheouter:innercomplex comigrate.Changein mobility with change
in polyacrylamidedensitydistinguishesdifferenttopologicalspecies,allowing usto separatethe
outercircle andouter:innercomplex on a 5% gel. However, at this percentage,the inner circle
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B1C2, A2B1, D1C2, A2D1
A3B2C3, A3D2C3

A DCB

(exo)
ABCD

ABC
BC

AB
M

8% Denaturing PAGE

52 nt

168 ntA2B1C2, C2D1A2,A3B2C3D2

116 nt

64 nt

A3B2, B2C3, C3D2, D2A3
A1

C1

88 nt

80 nt
84 nt

B1, D1

A2, B2, C2, D2

1110987654321

8% Non-denaturing PAGE

1 2 3 4 5 6 7 8 9 1011

DCA B MBC

ABABC
ABCD
(exo)

116 nt

172 nt

288 nt
280 nt

452 nt
568 nt

164 nt

ABCD

ABC

AB
BC

A
C

B, D

Figure4.4: (a) Denaturinggel electrophoresis.Lane1: A (172nucleotides).Lane2: B (116nu-
cleotides).Lane3: C(164nucleotides).Lane4: D(116nucleotides).Lane5: ProductABCDwith
ligase.ABCDcontains568nucleotides.Lane6: ProductABCDwith ligaseandexonuclease.Lane
7: productABCDwith ligase. Lane8: ProductABCwith ligase. ABCcontains452nucleotides.
Lane9: ProductBC with ligase. BC contains280 nucleotides.Lane10: ProductAB with lig-
ase. AB contains288 nucleotides.Lane11: 100 base-pairdouble-strandedladder. Numbersat
right indicateestimatedpositionsfor expectedproducts,consistentwith themarker lane.(b) Non-
denaturinggelelectrophoresis:Lane1: A (172nucleotides).Lane2: B (116nucleotides).Lane3:
C(164nucleotides).Lane4: D(116nucleotides).Lane5: ProductABCDwith ligase.ABCDcon-
tains568nucleotides.Lane6: ProductABCDwith ligaseandexonuclease.Lane7: productABCD
with ligase. Lane8: ProductABCwith ligase. ABCcontains452 nucleotides.Lane9: Product
BCwith ligase.BCcontains280nucleotides.Lane10: ProductABwith ligase.AB contains288
nucleotides.Lane11: 100base-pairdouble-strandedladder. Numbersat right indicateestimated
positionsfor expectedproducts,consistentwith themarker lane.

andthe232-merlinearstrandcomigrate!Notethat ligasewasnot asef�cient in this experiment
asit wasin the previous experiment: the ABCDlanecontainsmany partial products,indicating
incompleteligation of nicks in the ABCDcomplex, or poor stoichiometryso that many ABCD
complexeswerelackingoneor morestrand.This is turnsout to beconvenientfor interprettingthe
next experiment,whereligationwasagainincomplete.

Speci�cityof Reaction.

Figure4.6 shows the resultsof a preliminaryexperimentinvestigatingthe effectivenessof
D vs D' in �lling theslot createdby ABC. Lane13 containsABC, andthushasprimarybandsfor
A2B1C2 (168)andC3B2A3 (116).Lanes2 and12show ligationof ABCDin 1:1:1:1stoichiometry.
The ligation apparentlywasnot ascompleteasin 4.4, asseveralbandsof “partial products”are
observed. The fastestbandis appropriatefor linearA3D2C3B2 (168)andcyclical permutations;
thenext bandis appropriatefor linearB1C2D1orD1A2B1(180);thenext majorbandisappropriate
for A2B1C2D1 (232) and cyclical permutations.The bandbelow c is known from other gels
(not shown) to be exonuclease-resistant, and the two cyclic moleculebandsare thoughtto be
anindicatorof theformationof ABCD. Lanes1 and10show ligationof ABCwith respectively an
equimolaramountor a20-foldexcessof D'. Weagainseethelinearbandsof lengths168,180,and
232,while bandsat 136(D2C3B2) and116(C3B2A3 andA3D2C3) becomesigni�cant. Critically,
the slow circularproductsaremissing,suggestingthat D' wasonly ligatedon the sidewhereit
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A3B2C3, A3D2C3
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A2B1C2, C2D1A2,A3B2C3D2

232 ntA2B1C2D1

180 ntB1C2D1, D1A2B1

Figure4.5: Denaturinggelelectrophoresiswith radiolabelledstrands.All lanescontainABCD, but
in eachlaneonly onestrandwasradiolabelled.(Notethatthegelswereimproperlydried,leading
to “smearing”afterthegelwasrun.)

168 ntA2B1C2, C2D1A2,A3B2C3D2
180 ntB1C2D1, D1A2B1
232 ntA2B1C2D1

136 ntB2C3D2, D2A3B2
116 ntB1C2, A2B1, D1C2, A2D1

A3B2C3, A3D2C3

8% Denaturing PAGE

64 nt
52 nt

88 nt

80 nt
84 nt

B1, D1

A2, B2,  C2, D2

A1
A3B2, B2C3, C3D2, D2A3

C1

121110987654321 13

0:1 1:1 1:4 1:16 1:64
1:0 1:2 1:8 1:32 0:20

0:0
1:0

1:1

Figure4.6: Denaturinggel electrophoresis.All lanescontainA:B:C in 1:1:1stoichiometry, plus
variousconcentrationsof D:D'. Lane1–9: D:D' = 0:1, 1:0, 1:1, 1:2, 1:4, 1:8, 1:16, 1:32,1:64.
Lanes10–13:D:D' = 0:20,1:1,1:0,0:0. (Note: the�rst gelwasslightly rippedduringstaining.)

matchestheslot's sticky end.Lanes11 and3–9show ligationof oneunit of ABCwith an � -fold
excessof D' andequimolarD, where� rangesfrom 1 to 64. In every case,theclosedmoleculec
is formed,indicatingthatABCDis still formedin thepresenceof competingD'. Additionalbands
alsoappear, possiblydueto unexpectedinteractionsinvolving D1 or D2.

4.1.3 Discussion

We interprettheseresultsasfollows. First, we believe that we aremakingthe ABCDcomplex,
with thecaveatthatwebelieve thenicksin A1 andC1 arenotbeingsealed.Thissuggeststhat(1)
in ABC, thelinker B is properlyspacedsuchthatdoublecrossover moleculesA andCareroughly
coplanar, and(2) that in eachdoublecrossover molecule,the two helical axesarealsoroughly
coplanar. Second,we observe thatD, which matchesthesticky endson bothsidesof ABC's slot,
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out-competesD', whichmatchesonly ononeside,evenwhenD' is 64-foldmoreabundantthanD.
Weplanto quantitatethethermodynamicsof this reactionin thenearfuture.

Theexperimentsreportedherebearon thetwo-dimensionalself-assemblyprocesspostulated
in Section3.2.5. Theseexperimentsaremeantto modela singleslot-�lling stepduringtheself-
assemblyof a two dimensionallattice. In our experiments,this fundamentalstepcanoccur, and
with somespeci�city. Theseresultsencourageusto examinethisstepin closerdetailin thefuture,
aswell asto attempttheself-assemblyof anentiresheet.We hopethat theself-assemblyof an
algorithmicallypatternedsheetof DNA caneventuallybeveri�ed by TEM or AFM microscopy.

Theself-assemblyof moleculescancorrespondto severalwell known computationalclasses
up to andincluding universalcomputation.This suggeststhat externalprocessingis not an in-
trinsic elementof molecularcomputation;computationallyuniversal“one-pot” reactionsseem
plausible.Wehave shown someencouragingbut preliminaryexperimentalinvestigationsinto the
fundamentalcomputationalstepin our two dimensionalself-assemblymodel. Thegeneralityof
theapproachusedheresuggeststhat thepotentialfor universalcomputationmaybewidespread
amongself-assemblyprocessesin nature. In additionto being interestingin its own right asa
universalmechanism,it maybeworthconsideringwhethertheself-assemblyprocessesdescribed
herecouldbeusefultechnologically, perhapsaspartof anapproachto nanotechnology(Li et al.
1996).

4.2 Experimentswith 2D Lattices

Abstract2 Molecularself-assemblypresentsabottom-upapproachto thefab-
ricationof objectsspeci�edwith nanometerprecision.DNA molecularstruc-
turesandintermolecularinteractionsareparticularlyamenableto designand
aresuf�cient for the creationof complex molecularobjects.Herewe report
thedesignandobservationof two-dimensionalcrystallineformsof DNA that
self-assemblefrom syntheticDNA double-crossover molecules.Intermolecu-
lar interactionsareprogrammedby the designof sticky endsthat associate
accordingto Watson-Crickcomplementarity, enablingus to createspeci�c
periodicpatternson the nanometerscale. The patternedcrystalshave been
visualizedby atomicforcemicroscopy.

Control of the detailedstructureof matteron the �nest possiblescaleis a major goal of chem-
istry, materialsscienceandnanotechnology. This goalmay beapproachedin two steps,(1) the
constructionof individual molecules,representedby thetriumphsof syntheticchemistry, and(2)
thearrangementof molecularbuilding blocksinto largerstructures.Thesimplestarrangementof
molecularunits, in two or threedimensions,is a crystal. Designcomponentsfor crystalsmust
have de�nable intermolecularinteractionsandmustbe rigid enoughto prevent the formationof
ill-de�ned aggregates(Liu et al. 1994). BranchedDNA moleculeswith sticky endsappearto be

2Resultsin thissectionalsoappearin Winfreeetal. (1998),andincludejoint work with FurongLiu, LisaA. Wenzler,
andNadrianC. Seeman,asdescribedin Chapter1. Thanksto JohnAbelsonandhisgroupfor theuseof his laboratory
andtechnicaladvice;to AncaSegall,Ely Rabani,andBobMoisionfor instructionandadviceonAFM imaging;andto
theBeckmanInstituteMolecularMaterialsresourcecenterfor assistanceanduseof theirAFM facilities.
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promisingfor macromolecularcrystaldesign(Seeman1982),becausetheir intermolecularinter-
actionscanbeprogrammedthroughsticky ends(Cohenetal. 1973)thatassociateto form B-DNA
(Qiu etal. 1997);however, studiesof three-andfour-armjunctionsrevealthattheangles�anking
theirbranchpointsare�e xible (Ma etal. 1986;Petrilloet al. 1988).

Theneedfor arigid designcomponentwith predictableandcontrollableinteractionshasledto
theutilizationof theantiparallelDNA double-crossover motif (FuandSeeman1993)for thispur-
pose.Double-crossover (DX) moleculesareanalogsof intermediatesin meiosis(Schwachaand
Kleckner1995)whichconsistof two side-by-sidedouble-strandedheliceslinkedat two crossover
junctions.AntiparallelDX moleculeshave beenshown to possesstherigidity lackingin conven-
tional branchedjunctions,thussuggestingthat they might besuitablefor usein theassemblyof
periodicmatter(Li et al. 1996).

These�ndings stimulateda theoreticalproposalto usetwo-dimensional(2-D) latticesof DX
molecules(Winfree 1996b)for DNA-basedcomputation(Adleman1994). In the mathematical
theoryof tilings (GrünbaumandShephard1986),rectangulartiles with programmableinterac-
tions,known asWangtiles,canbedesignedsothattheirassemblymustmimic theoperationof a
chosenTuring Machine(Wang1963). DX moleculesactingasmolecularWangtiles couldself-
assembleto performdesiredcomputations(Winfree1996b;Winfreeetal. in press;Reif in press).
Consequently, theability to create2-D latticesof DX moleculesassumesadditionalinterestasa
steptowardthedesignof molecularalgorithms.

Here,wereporttheassemblyfromDX moleculesof three2-D latticeswith twodistincttopolo-
gies. TheDX molecules,� �

�

�

�

� � in size,self-assemblein solutionto form single-domain
crystalsaslargeas �

�

m micronswith uniform thicknessbetween1 and2 nm, asvisualizedby
atomicforcemicroscopy (Binnig et al. 1986)(AFM). By incorporatinga DNA hairpininto a DX
moleculeto serve asa topographiclabel,we have producedstripesabove thesurfaceat intervals
of 25. Two-componentlatticeshave beenassembledwith astripeeveryotherunit.

4.2.1 Designof DNA Crystal

Ourapproachto two-dimensionalcrystaldesignis derivedfrom themathematicaltheoryof tiling
(GrünbaumandShephard1986;Winfree1996b).Thedesiredlatticeis speci�edby asetof Wang
tiles with colorededges;theWangtiles maybeplacednext to eachotheronly if their edgesare
identicallycoloredwherethey touch(Figure4.7a).Ourgoalis to designsyntheticmolecularunits
correspondingto thesetiles,suchthatthey will self-assembleinto acrystalthatobeysthecoloring
conditions.As aninitial demonstrationof molecularWangtiles,wehavechosenthesimplestnon-
trivial setof tiles: two tiles, � and � , whichmake a stripedlattice(Figure4.7a,left). Translated
into molecularterms,we obtainDX systemsthatself-assemblein solutioninto two-dimensional
crystalswith awell-de�nedsubunit structure.

TheantiparallelDX motif (Fu andSeeman1993)consistsof two juxtaposedimmobile4-arm
junctions(Seeman1982)arrangedsuchthatateachjunctionthenon-crossover strandsareantipar-
allel to eachother. Thereare� ve distinctDX motifs, but only two arestablein smallmolecules
(Fu andSeeman1993): thesearecalledDAO (doublecrossover, antiparallel,odd spacing)and
DAE (doublecrossover, antiparallel,evenspacing).Thedesigndependscritically uponthetwist
of theB-formDNA doublehelix, in whichafull turntakesplacein � � � �

�

basepairs(Wang1979;
RhodesandKlug 1980). DAO moleculeshave anoddnumberof half-turns(e.g. 3 half-turnsis

� 16 basepairs)betweenthe crossover points,while DAE moleculeshave an even numberof
half-turns(e.g. 4 half-turnsis � 21 basepairs). Computermodelsof theDX moleculesusedin
this study, shown in Figure4.7b,weregeneratedusingNAMOT2 (CarterandTung1996).Com-
pletebasestackingat thecrossover pointsis assumed.TheDAO moleculesconsistof 4 strands
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Figure4.7: Designof DX molecularstructureandarrangementinto 2-D lattices. a, The logical
structurefor 2-D latticesconsistingof two units. Type � units have four colorededgeregions,
eachof which matchexactly onecoloredregion of theadjacenttype � units. Notethatrotations
andre�ectionsof Wangtiles aredisallowed; anequivalentrestrictioncouldalsobeobtainedby
usingnon-rectangulartilesor morecomplex patternsof colors.b, Modelstructuresfor DAO type

� units. Eachcomponentoligonucleotideis shown in a uniquecolor. Thecrossover pointsare
circled.c, Thelatticetopologiesproducedby theDAO.EachDX unit is highlightedby agrey rect-
angle.A uniquecoloris chosenfor eachstrandtypewhichwouldbeformedaftercovalentligation
of units. Arrowheadsindicatethe � � endsof strands.Blackellipsesindicatedyadsymmetryaxes
perpendicularto theplane;blackarrows indicatedyadaxesin theplane(full arrowhead)or screw
axes(half arrowhead).d, Theactualsequencesusedin thereportedexperiments(seeMethodsfor
several exceptions).Theschematicsaccuratelyreportintendedprimaryandsecondarystructure
– oligonucleotidesequenceandpairedbases– but arenot geometricallyor topologicallyfaithful
becausethey don't show thedoublehelicaltwist. Both type � andtype

�

� areshown, indicating
wherethehairpinsequencesareinserted.

of DNA, eachof which participatesin both helices. The DAE moleculesconsistof 3 strands
that participatein both helices(yellow, light blue, green),and2 strandsthat do not crossover
(red,darkblue). Eachcornerof eachDX unit hasa single-strandedsticky endwith a uniquese-
quence;speci�c associationof DX unitsis controlledby choosingsticky endswith Watson-Crick
complementarity.

To ensurethat thecomponentstrandsform thedesiredcomplexes,strandsequencesmustbe
designedcarefullyso thatalternative associationsandconformationsareunlikely. Thereforewe
mustsolve the “negative designproblem” (Seeman1990;Yue andDill 1992;Sunet al. 1996)
for DNA: �nd sequencesthatmaximizethefreeenergy differencebetweenthedesiredconforma-
tion andall otherpossibleconformations.We usetheheuristicprincipleof sequencesymmetry
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minimization(Seeman1982,1990)to minimizethelengthandnumberof unintentionalWatson-
Crick complementarysubsequences.In eachDX molecule's sequences,thereareno 6-basesub-
sequencescomplementaryto other 6-basesubsequencesexceptas requiredby the design,and
spurious5-basecomplementarityis rare. Thusit is expectedthatduringself-assembly, theDNA
strandsspendlittle time in undesiredassociationsandform DX unitswith highyield.

DX unitscanbedesignedthatwill �t togetherinto a two-dimensionalcrystallinelattice.Here
weusetwo distinctDAO unit types(Figure4.7a)to producestripedlattices.Thelatticesproduced
by this systemis calledDAO-E to indicatethe numberof half-turnsbetweencrossover points
on adjacentunits; its topologyis shown in Figure4.7c. The symmetriesof the DAO-E lattice
is that correspondingto the layer group(Vainshtein1994) � �

	

� � . Covalently joining adjacent
nucleotidesat nicks in the lattice, by chemicalor enzymaticligation, would result in a “woven
fabric” of DNA strands.Ligation of theDAO-E designproducesfour distinctstrandtypes,each
of which continuesin�nitely in the vertical direction(in this paper, “vertical” and“horizontal”
will alwaysbeasin Figure4.7c).

Controlof self-assemblyto yield the2-D latticeis obtainedby two designcriteria. First, the
sticky-endsequencesfor eachdesiredcontactareunique;this ensuresthat the orientationsand
adjacency relationsof theDX unitscomplyexactlywith thedesignin Figure4.7a.Sticky endsare
length5, sothateachcorrectcontactcontributesapproximately8 to thefreeenergy of association
at 25�

�

, accordingto a nearest-neighbormodel (SantaLuciaet al. 1996). Second,the lengths
of the DX armsandsticky ends,andthusthe separationsbetweencrossover points, respectas
closelyaspossiblethenaturaltwist of theB-form DNA doublehelix; thusadjacentDX molecules
areeffectively coupledby torsionalspringswhoseequilibrium positionshave beendesignedto
keeptheadjacentDX moleculescoplanar. For example,a linearratherthanplanarpolymercould
result if eachunit makestwo sticky-endbondsto eachneighboringunit, but this would require
overtwisting,undertwisting,or bendingof thedoublehelix,andthusis discouragedby ourdesign.

Figure4.7dshows the DX units andsequencesusedin our experiments,exceptasnotedin
Methods.In eachsystem,therearetwo fundamentalDX units,called � and � , and,additionally,
analternative form

�

� thatcontainstwo hairpin-terminatedbulged3-armjunctions(similar to the
DX+J motif (Li et al. 1996)). Basedon studiesof bulged3-armjunctions(Ouporov andLeontis
1995), we expect that in eachunit, one hairpin will point up and out of the planeof the DX
crystal,while theotherhairpinwill point down andinto theplane,without signi�cantly affecting
the rigidity of the molecule(Li et al. 1996). The

�

� units will replacethe � units andserve as
contrastagentsfor AFM imaging,becausetheir increasedheightcanbemeasureddirectly.

4.2.2 Materials and Methods

DNA sequencesand synthesis. Figure 4.7d shows sequencesusedin theseexperiments;for
historicalreasons,some�gures show experimentswherevariantsof thesesequenceswereused.
Thesequencesfor DAO-E � , � , and

�

� given in Figure4.7dwereusedfor Figure4.12bc.Fig-
ure4.12adefshow DAO systemswith symmetricalsticky ends:thesequencefor thegreenstrands
of DAO � is 5 � TCACT...GAGAT3 � and the sequencefor the blue strandsof DAO � and

�

�

are5 � AGTGA...ATCTC3 � . All oligonucleotidesweresynthesizedby standardmethods,PAGE
puri�ed, andquantitatedby UV absorptionat �

�

� nmin H A O.
Annealing of oligonucleotides.Thestrandsof eachDX unit weremixedstoichiometrically

anddissolved to concentrationsof .2 to 2 ��� in TAE/Mg =$= buffer (40 mM Tris � HCl (pH 8.0),
1 mM EDTA, 3 mM Na= , 12.5mM Mg =$= ). Thesolutionswereannealedfrom 90�

�

to room
temperatureover thecourseof severalhoursin a Perkin-ElmerPCRmachine(to preventconcen-
trationby evaporation).To producelattices,equalamountsof eachDX weremixedandannealed



89

from
�

� �

�

to � � �

�

over thecourseof up to 36 hours.In somecases(Figure4.12abc)all strands
weremixedtogetherfrom theverybeginning.

Gel electrophoresisstudies. For gel-basedstudies,T4 polynucleotidekinase(Amersham)
wasusedto phosphorylatestrandswith �

A

P; thesestrandswerethenPAGE puri�ed andmixed
with anexcessof unlabeledstrands.Non-denaturing4%,5%,or 8%PAGE(19:1acrylamide:bis-
acrylamide)in TAE/Mg =$= wasperformedat 4�

�

or at roomtemperature.For denaturingexper-
iments,afterannealingin T4 DNA ligasebuffer (Amersham)(66 mM Tris � HCl(pH 7.6),6.6mM
MgCl A , 10mM DTT, 66 ��� ATP),1 ��� = 10unitsT4 DNA ligase(Amersham)wasaddedto 10 ���

DNA solutionandincubatedfor up to 24hoursat 16�

�

or at roomtemperature.For exonuclease
reactions,50unitsof exonucleaseIII (Amersham)and5 unitsof exonucleaseI (Amersham)were
addedafterligation,andincubatedanadditional3.5hoursat 37�

�

. Thesolutionwasaddedto an
excessof denaturingdyebuffer (0.1%xylenecyanolFF trackingdye in 90%formamidewith 1
mM EDTA, 10mM NaOH)andheatedto 90�

�

for at least5 minutesprior to loading.Denaturing
gelscontained4% acrylamide(90:1acrylamide:bisacrylamide) and8.3 M ureain TBE (89 mM
Tris� HCl (pH 8.0),89mM boricacid,2 mM EDTA). Gelswereanalyzedby phosphorimager.

Preparation of AFM sample. 2 to 10 ��� werespottedon freshly cleaved mica (TedPella,
Inc) and left to adsorbto the surfacefor 2 minutes. To remove buffer salts,5 to 10 dropsof
doubly-distilledor nanopureH A O were placedon the mica, the drop was shaken off and the
samplewasdriedwith compressedair. Imagingwasperformedunderisopropanolin a �uid cell
on a NanoScopeII usingtheD or E scannerandcommercial200 ��� cantileverswith Si

�

N � tips
(Digital Instruments).The feedbacksetpointwasadjustedfrequentlyto minimize contactforce
to approximately1 to 5 nN. Imageswere processedwith a �rst- or third-order“�atten �lter ,”
which independentlysubtractsa �rst- or third-orderpolynomial�t from eachscanlineto remove
tip artifacts;however, this techniqueintroducesfalse“shadows” into theimagesshown here.

4.2.3 Resultsof Characterization by Gel Electrophoresis

A prerequisitefor lattice self-assemblyis the formationof the DX units from their component
strands.A thoroughinvestigationof this issuewasdonefor the original studiesof DX (Fu and
Seeman1993);thatthenew designsalsobehave well constitutesfurthervalidationof theantipar-
allel DX motif. Becausethesticky endsof � unitshave af�nity only for sticky endsof � units,
andnot for themselves,neither � nor � alonein solutioncanassembleinto a lattice. Thusthe
formationof isolatedDX unitscanbemonitoredeasilyby non-denaturinggel electrophoresis,as
describedpreviously (Fu andSeeman1993),andgreaterthan �

���

of thematerialis seenin the
expectedbandfor � andgreaterthan m

���

for � (Figure4.8).Additionally, complexesareformed
only by strandswhich weredesignedto interact. However, strand3 of � doesnot bind fully to
strand4, unlessstrand2 is alsopresent.This maybedueto a potentialhairpinstructurenearthe

�

� endof strand3; whenstrand2 bindsto strand3, we postulatethatthis hairpinis undone.Note
alsothatdimerandmultimerspeciesarenot found,andin particularnotethattheindividual � or

� monomersdonotassembleinto extendedstructures,suchasthedesiredlattice.
Solutionscontaining � units and � units canbe mixed andannealedto form � � lattices.

Lane4 of Figure4.9(left)shows that theself-assembledstructureis too largeto migratethrough
the gel, althougha fraction of the material is coming out of the well in a smear. Enzymatic
ligation of theselatticeswith T4 DNA ligaseproducesimmobile material,while the � and �

unitsalonearenot substratesfor ligation (Figure4.9(left). Thenicksin thelattice,wherestrands
from adjacentDX unitsabut, areall on theupperor lower surfaceof the lattice,wherethey are
accessibleto the enzyme.The ligatedlatticeshouldcontainlong covalentDNA strands,which
serve as reportersof successfullattice formation (shorterstrandsreport either the presenceof
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Figure4.8: Formationgelsfor the � and � double-crossover molecules,run at 1�

�

by 5% non-
denaturingPAGE.Everystrandis radiolabelledsothatquantitationis possible.

small aggregatesor an occasionalfailure to ligate within the lattice). All four reporterstrands
extendfor morethan30repeatswhenvisualizedby denaturingpolyacrylamidegelelectrophoresis
(Figure4.9, right). Longerstrandsco-migrateon this gel, sowe cannotdeterminethefull extent
of polymerization.Theseresultssuggestthat the lattice is a goodsubstratefor T4 DNA ligase,
andthatthelatticescanform with morethan � �

�

� � units.However, unintendedassociationsor
sidereactionscould leadto similar distributionsof strandlengthsafter ligation. Direct physical
observationis necessaryto con�rm latticeassembly.
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Figure4.9: (left) Non-denaturinggel, StainsAll stain. Lanes2-4 show � alone, � alone,and
� � together. Lanes5-7 show � aloneligated, � aloneligatedand � � togetherligated.All the
materialin lane7 is in asharpbanddirectlyaroundthewell (circled);thisbandcanbeseenclearly
in color, but not in theB/W renditionhere.(right) Denaturinggel,with differentialradiolabelling.
Every lanecontainseithermarkeror ligated � � ; in eachlanetheradiolabelledoligonucleotideis
indicatedbelow.
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As a control to testthe4-connectednatureof theputative latticeproduct,versionsof � and
� were madewith certainsticky endstruncated,as shown in Figure 4.10. ��� and ��� were
designedto make vertical one-dimensionalchainsof DX units; � � and � � were designedto
make horizontalone-dimensionalchainsof DX units; and �

� and �

� weredesignedto make
diagonalone-dimensionalchainsof DX units.However, quiteunlike the � � productstuckin the
well, all threetruncatedsystemsproducedwhat appearto be dimerson the non-denaturinggel.
No ligasewasused.Apparently, thechainstructuresareeithernotbeingmade,or they arefalling
apartinto dimersin thegel. Wedonotyetunderstandtheseresults.

...

1 2 3 4 5 6 7 8 9 10 1112 13

MA B A B AA B
ABAB AB AB

Bv v
v

h h
h

d d
d

236 nt

144 nt

388 nt

..

2706 nt

5% Non-denaturing PAGE

B
A A

B

h

hh

h

A

A
B

B

B

B

A

A

v

v

v

v

d

d

d

d

Figure4.10:(left) 5% Non-denaturinggel,with radiolabellingof � 3 and � 3. (right) Diagramof
thetruncatedDX units,andintendedchainstructures.

4.2.4 Resultsof AFM Imaging

We have usedatomic force microscopy (Binnig et al. 1986) to demonstrateunequivocally the
formationof 2-D lattices. � and � units areannealedseparately, thencombinedandannealed
togetherto form � � lattices. The resultingsolution is depositedfor adsorptionon an atomi-
cally �at micasurface,andthenimagedunderisopropanolby contactmodeAFM (Hansmaet al.
1992). Thesolutionis not treatedwith DNA ligase,andthusthe latticesareheld togetheronly
by noncovalentinteractions(e.g. hydrogenbondsandbasestacking).This protocolensuresthat
thesolutioncontainsno proteincontaminantsanddemonstratesthat ligaseactivity is not neces-
saryfor theself-assemblyprocess.Negative controlsof buffer aloneandof � or � aloneshow
no aggregateslarger than20 nm (Figure4.11abc).In separateexperiments,� and � DAO units
weremodi�ed by the removal of two sticky endsfrom eachunit (e.g. all yellow andred sticky
endsin Figure4.7d);whenthemodi�ed � and � unitswereannealedtogether, weobservedonly
linear andbranchedstructureswith apparentwidths typically lessthan10 nm (Figure4.11def),
providing additionalnegative controls.However, theunmodi�ed � � samplescontain2-D sheets
many micronslong, often more than200 nm wide (Figure4.12a). The apparentheightof the
sheetsis � � � � �

�

nm,suggestinga monolayerof DNA. Thesheetsoftenseemrippedandappear
to have a grain,in thatrips have a preferreddirectionconsistentwith thedesign(Figure4.7c). In
theDAO-E lattice,a vertical rip requiresbreakingsix sticky-endbondsper12 nm torn, whereas
a horizontalrip requiresbreakingonly onesticky-endbondper13 nm torn. A possiblevertical
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column,perpendicularto the rips, is indicatedin Figure4.12a(arrows). Although in this image
thecolumnsarebarelyperceptible,Fourieranalysisshows a peakat � � � � nm, suggestingthat
observed columnsare1 DX wide. Periodictopographicfeatureswould not be expectedin the
ideal � � lattice;however a vertically stretchedlatticemayhave gapsbetweentheDX unitsthat
couldproducetheperiodicfeaturesseenhere.Becausecrystalsarefoundin AFM samplestaken
from boththetopandthebottomof thesolution,webelieve thatcrystalsform in solutionandare
notdueto interactionwith asurface.

a b c

d fe

Figure4.11:AFM imagesof buffer (a), � and � controls(b andc respectively), andsticky-end-
truncationcontrols � � � (d), � �

�
(e), and � �

� (f). All scalebarsare300 nm; imagesshow
�

� �

� �

� � nm, �

�

� ��� , or �

�

� ��� . Thegrayscaleindicatesheightabove themicasurface;
apparentheightof featuresis lessthan5 nm.

4.2.5 Control of SurfaceTopography

Theself-assembling� � latticecanserve asscaffolding for othermolecularstructures.We have
decorated� with two DNA hairpinsequencesinsertedinto its componentstrands,whichwe call

�

� (Figure4.7d). Sodecorated,theverticalcolumnsof the latticebecomestrikingly apparentas
stripesin AFM images(Figure4.12bc),further con�rming the properself-assemblyof the 2-D
lattice. The spacingof the decoratedcolumnsis �

�

� � nm for the DAO-E lattice, indicating
that every othercolumn is decorated,in accordwith the design. Slow annealingat 20�

�

and
gentlehandlingof theDAO-Esampleduringdepositionandwashinghasproducedsinglecrystals
measuringupto �

�

m

��� (Figure4.12def).Closeexaminationshowsthatthestripesarecontinuous
acrossthecrystal,andthusit appearsto bea singledomaincontainingover 500,000DX units.
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a

d e

b c

f

Figure4.12: AFM imagesof unmodi�ed DAO-E � � lattice (a). A possiblevertical columnis
indicatedby the arrows. Fourier analysisshows � � � � nm periodicity; eachDAO is 12.6 nm
wide. (b) and(c) show DAO-E �

�

� lattice(two views of thesamesample).Stripeshave �

�

� �

nmperiodicity;theexpectedvalueis 25.2nm. (def)show alargesingle-domaincrystalof DAO-E
�

�

� latticeat threelevelsof detail(all thesamesample).Thelargestdomainis roughly �

�

m

��� ,
andcontainsroughly500,000DX units. All scalebarsare300nm; imagesshow

�

� �

� �

� � nm,
� �

� �

� �

�

��� , or � �

�

� � ��� . Thegrayscaleindicatesheightabove themicasurface;apparent
latticeheightis between1 and2 nm.

We have also testedDAO systemsincorporatingonly one of the two hairpinsin
�

� , DAO
systemsin which the 3-armjunctionsarerelocatedby two nucleotidestoward the centerof the
molecule. All systemsproducedresultssimilar to thoseshown in Figure4.12whenimagedby
AFM (datanot shown). The latticeassemblyappearsto be robust to variationsin the local DX
structureand is not sensitive to small variationsin the annealingprotocol. (Also seeWinfree
et al. (1998)for similar resultsobtainedin anotherlaboratoryusingdifferentbuffers, annealing
conditions,andAFM instruments.)

In all imagesof � � and �

�

� systems,we observed many DNA structuresin addition to
the isolated2-D crystalsdiscussedabove. In many imagesthe 2-D crystalsappearto overlap,
leadingto discretestepsin thickness(Figure4.12cde).Thearrangementof crystalson themica
– solitary, overlapping,piledup like driftwood,rippedto shreds– dependssensitively uponDNA
concentrationanduponthesamplepreparationprocedure,especiallythewashstep.Prominently,
the backgroundof every imagecontainssmall objects,which we assumeto be associationsof
smallnumbersof DX units.Also, long,thin “rods” appearin somepreparations(datanotshown).
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Thesestructureshave notbeencharacterized.

4.2.6 Applications

The programmabilityof the systemdescribedherehasalreadybeendemonstratedby Winfree
et al. (1998),wherea systemof four tiles is developedto producestripesof twice theperiodicity.
Theproducedlatticecanserve asa molecularscaffold. Insteadof DNA hairpins,otherchemical
groupscanbeusedto labeltheDX molecules.Previousgroupshaveusedbiotin-streptavidin-gold
to label linearDNA for imagingby AFM (Shaiuet al. 1993a,b).Winfreeet al. (1998)uses1.4
nm nanogold-streptavidin conjugatesto labelDAE molecules.For theseexperiments,thecentral
strandof � containsa

�

� biotingroup;afterassemblyof � � lattices,thesolutioncontainingDNA
latticeswasincubatedwith streptavidin-nanogold conjugatesandthenimagedby AFM.

Self-assemblyis increasinglybeingrecognizedasarouteto nanotechnology(Whitesidesetal.
1991). Our resultsdemonstratethe potentialof using DNA to createself-assemblingperiodic
nanostructures.Theperiodicblocksusedherearecomposedof eithertwo or four individual DX
units. However, the numberof componenttiles in the repeatunit doesnot appearto be limited
to suchsmallnumbers,suggestingthatcomplex patternscouldbeassembledinto periodicarrays.
Thesepatternscouldbeeitherdirecttargetsin nanofabricationor aidsto theconstructionof such
targets. Becauseoligonucleotidesynthesiscan readily incorporatemodi�ed basesat arbitrary
positions,it shouldbe possibleto control the structurewithin the periodicblock by decoration
with chemicalgroups,catalysts,enzymesand other proteins(Niemeyer et al. 1994), metallic
nanoclusters(Ali visatoset al. 1996;Mirkin et al. 1996),conductingsilver clusters(Braunet al.
1998),DNA enzymes(Breaker andJoyce1994)or otherDNA nanostructuressuchaspolyhedra
(ChenandSeeman1991;ZhangandSeeman1994b).

It may be possibleto extend the two-dimensionallatticesdemonstratedhereinto threedi-
mensions.Designedcrystalscouldpotentiallyserve asscaffolds for thecrystallizationof macro-
molecules(Seeman1982),asphotonicmaterialswith novel properties(Joannopolousetal. 1995),
asdesignablezeolite-likematerialsfor useascatalystsor asmolecularsieves(Ribeiroetal.1996),
and as scaffolds for the assemblyof molecularelectroniccomponents(Robinsonand Seeman
1987)or biochips(HaddonandLamola1985).

The self-assemblyof aperiodicstructuresshouldalsobe considered.It may be possibleto
designmolecularWangtiles that self-assembleinto aperiodiccrystalsaccordingto algorithmic
rules(Winfree1996b;Winfreeet al. in press).It will becrucialto understandthemechanismsof
crystallogenesisandcrystalgrowth in this systemto provide a �rm underpinningfor theoretical
proposalsof computationby self-assembly.

Progressin this �eld will requiredetailedknowledgeof thephysical,kinetic, structural,dy-
namicand thermodynamicparametersthat characterizeDNA self-assembly. Additionally, im-
provedmethodsfor errorreductionandpuri�cation mustbedeveloped.Theapproachdescribed
hereprovidesauniquelyversatileexperimentalsystemfor investigatingtheseissues.
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