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Abstract

How canmoleculesomputedn his early studiesof reversiblecomputationBennetimaginedan
enzymaticTuring Machinewhich modi ed ahetero-polyme(suchasDNA) to performcomputa-
tion with asymptoticalljow enegy expenditures Adlemans recentexperimentaldemonstration
of aDNA computationusinganentirely differentapproachhasled to a wealthof ideasfor how
to build DNA-basedcomputerdn the laboratory whoseenegy ef ciency, informationdensity
and parallelismmay have potentialto surpassconventionalelectroniccomputerdor somepur
poses.In this thesis,| examineone mechanisnusedin all designsfor DNA-basedcomputer—
theself-assemblpf DNA by hybridizationandformationof the doublehelix —andshaw thatthis
mechanisnalonein theorycanperformuniversalcomputation.To do so, | borrov animportant
resultin themathematicatheoryof tiling: Wangshavedhow jigsav-shapediles canbedesigned
to simulatethe operationof ary Turing Machine. | proposeconstructingmolecularWangtiles
usingthe branchedDNA construction®f Seemantherebyproducingself-assembledndalgo-
rithmically patterneawo-dimensionalatticesof DNA. Simulationsof plausibleself-assembly
kineticssuggesthatlow errorratescanbe obtainednearthe meltingtemperaturef the lattice;
undertheseconditions,self-assemblys performingreversiblecomputatiorwith asymptotically
low enegy expenditures. Thusencouraged| have begun an experimentalinvestigationof al-
gorithmic self-assembly A competitionexperimentsuggestshat an individual logical stepcan
proceectorrectlyby self-assemblywhile acompaniorexperimentdemonstratethatunpatterned
two dimensionalatticesof DNA will self-assembl@and canbe visualized. We have reasonto
hope,therefore that this experimentalsystemwill prove fruitful for investigatingissuesin the
physicsof computatiorby self-assemblyit mayalsoleadto interestingnen materials.
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Chapter 1 Contributions

1.1 Intr oduction to DNA-BasedComputation

How canmoleculesbe usedto compute?The ground-breakingvork of Adleman(1994)shaved,
in analogywith in vitro selectiontechniqguesn combinatorialchemistry hov DNA sequences
canencodemathematicainformationand how simple sequencesf standardnolecularbiology
experimentanbeusedto isolatethe DNA which encodesheanswetto a dif cult mathematical
problem.| review this work, andits extensionsby Lipton (1995). 1 placea compleity-theoretic
limit on what mathematicalnformationcanbe isolatedby stepsof af nity separatioralone
andby stepsof afnity separatiorin combinationwith PCR ampli cation. This emphasizes
the contritution of Bonehet al. (1996a),who shav a techniquethat usesaf nity separatiorin
combinatiorwith ligationto overcomethelimit.

Hagiyaetal. (in press)proposech novel experimentatechniquewhich promisego simplify
the selectionprocessor DNA-basecomputation.In their technique a single chemicalreaction
basednPCRcanperformasequencef logicaloperationsutonomouslyl presenanew analysis
of thecomputationapower of thistechniquehighlightingtherole of thecombinatoriabeneration
of structuredsetsof DNA strands.l shav how to solwe the FormulaSatis ability, Independent
Set,andHamiltonianPath problemsusingthis techniqueand| proposea novel extensionof the
techniqueo solve the Circuit Satis ability problem.

1.2 Modelsof Computation by Self-Assembly

SinceAdlemans original papey every proposafor DNA-basedcomputatiorhasmadeuseof the
sequence-speci bybridizationof Watson-CrickcomplementarpligonucleotidesMost applica-
tions have beenvery straightforvard, andthe the mostsophisticatediseof this self-assemblys
still Adlemans original techniquefor creatingduplex DNA representingathsthrougha graph.
However, muchmoreelaborateDNA constructsare possible asepitomizedby Seemars exten-
sive experimentalesearciin DNA nanoconstructionsn additionto duplex DNA, hairpins, -arm
junctions,anddouble-cross@r moleculesareall possible Usingthis expandeds/ocalulary, what
computationcanbe donewith self-assemblyalone? To answerthis question,| usethe frame-
work of formal languagetheoryto develop a modelof DNA self-assemblyn which suchques-
tions can be rigorously answered.The surprisingresultis thatin the two-dimensionatasethe
self-assemblynodelis Turing-universal,andthat naturalrestrictionsof the modelreproducehe
Chomsly Hierarchyof languagdamilies. Theserestrictionsrelateto the typesof DNA building-
blocksused,andthe form of their arrangemeninto larger structuresthe self-assemblyf linear
duple< DNA into linearpolymersproducesegularlanguagesthe self-assemblpf duplexes,hair
pinsand3-armjunctionsinto dendrimergproducesontet-free languagesandthe self-assembly
of double-crosseer moleculesnto two-dimensionalatticesachievesTuring-unversality produc-
ing recursvely enumerabléanguages.

To malke analysigpossiblethetheoreticamodelshadto malke severalsimplifying assumptions
thatwould not strictly hold in therealworld. How severeis thisinaccurayg, andis it plausibleto
designDNA moleculesvhoserealbehaior mimicsthatof the model?Thethermodynamicand
kineticsof DNA hybridizationhave beenextensvely studied,providing a solid foundationfor a
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guantitatve plausibilityargument.To applythis knowledgeto thetwo-dimensionatase pnemust
know whethemultiple bindingdomainsarecooperatie. Usingtheassumptiorthatbindingener
giesareadditive, | have developedequationgor thekineticsof thetwo-dimensionaself-assembly
process- akin to 2D crystalgronth — andimplementedhe equationsgn a computersimulation.
Thesimulationresultssuggeserrorfree gronvth occurswhena systemwith low concentrationsf
the DNA monomerss heldnearthemeltingtemperaturef the DNA lattice.

1.3 Experimentswith Self-Assembly

Canthe proposedmodelsbe implementedexperimentally? The simulationsmadeuse of two
assumptionghat had no direct experimentalsupport: (1) that the ervisionedtwo-dimensional
latticescanbe made,independenthyof whetherary computationcanbe embeddedn them,and
(2) thatthe four binding domainsin double-crossger moleculeact cooperatiely in a growing
two-dimensionalattice. | thereforeperformedexperimentatestsof thesetwo hypothesesEach
experimentinvolved threestagesthe designof sequencefor DNA oligonucleotidesomposing
thedesiredouilding blocks thesynthesisndself-assemblpf thoseoligonucleotideinto building
blocks and the subsequenself-assemblyof the building blocksinto larger structuresand the
experimentabnalysisandcharacterizationf theresultingstructures.

To assistin the designof sequencefor the comingexperimentswhich involve mary tensof
oligonucleotidegndthousand®f nucleotidepositions,| developedsoftwaretoolsfor evaluating
sequenceaccordingo variousheuristiccriteriaandfor automaticallyoptimizingto nd improved
sequenceaccordingo thecriteria.

Question(2) was approachedrst. In work with collaboratorsSeemarand Yang,a 150-K
Dalton molecularsystemwasdesignedo modelthe binding site in a groving two-dimensional
lattice of double-crosseer molecules.As ervisionedfor the lattice, the binding site consistef
two single-strande@NA binding domainsavailablefor hybridization,separatedy 20 nm. Co-
operatvity wastestedoy competitionof bindingbetweenwo moleculesThetargetmoleculehad
perfectcomplementarityo bothbindingdomainswhile the ersatzmoleculehadperfectcomple-
mentarityto onebindingdomainbut 50% mismatchedn the otherdomain.Evenin the presence
of a 64-fold excessof the ersatzmolecule the target moleculewaspreferredin the binding site,
indicatingcooperatiity.

Question(1) wasthenaddressed. designeda systemof two double-crosseer moleculeghat
canself-assembl@nto a two-dimensionalattice. The double-crosseer moleculesandthe result-
ing lattice werecharacterizedby gel electrophoresiandvisualizedby atomicforce microscop.
Attachingabulky DNA “arm” to justoneof thedouble-crosseer moleculeproducedstripeswith
theexpectedperiodin theatomicforcemicroscopémagesgcon rming thecorrectlatticestructure
of theself-assembledrystal. A similar systemwasinvestigatedn Seemars lah

Thesdwo propertiesthatdouble-crosseger moleculesanself-assemblato atwo-dimensional
crystalandthatthetwo bindingdomainsat bindingsitesduringlatticegrowth arecooperatie, are
the key ingredientsfor a real implementatiorof the Turing-universalmodel of computationby
self-assemblyf DNA.

1.4 Publication List

This thesiscontainsmaterialfrom several conferenceublicationsandonejournalarticle. | was
the rst authoron all papers,andthe writing is primarily my own. The creatie ideasandthe
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actuallabor for all the resultspresentechereare due primarily to me, exceptwhereexplicitly
noted.Someof thetext and gures in thisthesiscomedirectly from thosearticles,althoughmost

of it hasundegonerevision, andoccasionallycorrection,for incorporationinto this thesis.| am
solelyresponsibldor any mistalesherein.

Chapter 2 usesmaterialfrom:

Erik Winfree,“Complexity of RestrictecandUnrestrictedviodelsof Molecular
Computation(Winfree 1996a).

Erik Winfree,"WhiplashPCRfor Computing”(Winfreein presdh).

Chapter 3 usesmaterialfrom:

Erik Winfree, “On the ComputationaPowver of DNA AnnealingandLigation”
(Winfree 1996b). The ideasin this paper althoughdueto me, were hear-
ily in uencedby discussionsvith Seemanin particularwith respecto the
choiceof thedouble-crossgeer moleculeto implementthetiles.

Erik Winfree, Xiaoping Yang,NadrianC. Seeman’UniversalComputatiorvia
Self-Assembly: SomeTheory and Experiments”(Winfree et al. in press).

Chapter3 discusseshe theoreticalresultsin this paper which are due en-
tirely to me.

Erik Winfree,“Simulationsof Computatiorby Self-Assembly’{Winfreein press
a).

Chapter 4 usesmaterialfrom:

Erik Winfree, Xiaoping Yang,NadrianC. Seeman’UniversalComputatiorvia
Self-Assembly: SomeTheory and Experiments”(Winfree et al. in press).
Chapterd discussethe experimentgeportedn this paper Seemaroutlined
theexperimentsanddesignedhe DNA sequencesyangdesignedheexper
imentaldetailsandsupervisedny executionof thelaboratorytechniquegor
initial experimentsl designedndcarriedoutall furtherexperimentsnyself.

Erik Winfree, FurongLiu, Lisa A. Wenzler NadrianC. Seeman;Design and
Self-Assemblyof Two-DimensionaDNA Crystals” (Winfree et al. 1998).
This paperdescribegwo parallelexperimentainvestigationf anideade-
rived from Winfree (1996b);the creatve ideasin this paperaredueto See-
manandmyself. Theexperimenton DAE moleculesveredesignedndcar
ried out by Liu, Wenzler and Seemanthe experimentson DAO molecules

weredesignedand carriedout by myself. Chapter4 of this thesispresents
only theresultson DAO molecules.

1.5 Support

My work at Caltechwas supportedby National Institutefor Mental Health (Training Grant# 5
T32MH 19138-07) GeneraMotors' TechnologyResearchrartnershipprogramandthe Center
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for NeuromorphicSystemg£ngineeringasa partof the NationalSciencd~oundatiorEngineering
ResearchCenterProgram(undergrant EEC-9402726).My work at the University of Electro-
Communication Tokyo, Japarwassupportedy theJaparSocietyfor thePromotionof Science
“ResearcHor the Future”Program projectJSPS-RFTR6100101.



Chapter 2 Intr oduction to DNA-BasedComputation

2.1 Why Computewith Molecules,and How?

All computersarephysicalobjectsmadefrom atomsandmoleculesandaregovernedby thelaws
of physics. For mostpurposesthis fact canreadily be ignored,and computersanbe analyzed
at a purely logical level. However, as Moore's Law plays out and computersare built out of
ever smallerdevices,the atomic, moleculay and quantumnatureof thosedevicesbhecomesver
moreimportant— asdo the fundamentaphysicallimits of computation suchasthoseimposed
by reversibility, heatgenerationandthermalnoise. The bestarchitecturesor computerduilt at
thesescalegnay bevery differentfrom the oneswe arefamiliar with now.

An examinationof molecularbiology providesimportanthintsfor informationprocessindy
molecules.Some bits of informationarestoredin the humangenomejn the nucleusof
everyliving cellin yourbody atadensitynearl bit pernm . A singlecell containsontheorderof

actve macromoleculegproteins,enzymespolynucleotides, ) actingin parallelto control
thefunctionsof thecell, despitehermalnoiseandtherandomnesimherentin diffusibleelements.
However, it is notimmediatelyclearwhata cell is “computing; or howv onecould make useof
moleculamechanisméik e thosein the cell for computing.

Still, to a computerscientistthe mechanismsook like computationaprimitives,andone of
the centralthemesof computersciencehasbeenthat just aboutary grab bag of primitivesis
theoreticallysufcient for building a Turing-unversalmachine. We will seethatthe molecular
biology grabbagalsosufces.

2.2 Computing InverseSetswith DNA

Abstract® In Adlemans paradigmfor solving combinatorialproblemswith
DNA, theproblemto besolvedis encodedsa sequencef experimentgo be
performeduponacombinatorialibrary of DNA. We wouldlike this sequence
of experimentsto be asbrief as possible. Thuswe examinethe expressie
power of differentexperimentalparadigmsWe begin with theformalmodels
of Lipton (1996b)and Adleman (1996), which make focuseduse of af n-
ity puri cation. Theuseof PCRwassuggestedh Lipton (1996b)to expand
the rangeof feasiblecomputationsresultingin a secondmodel. By giving
a precisecharacterizatiorof thesetwo modelsin termsof recognizedcom-
putationalcompleity classesnamelybranchingprograms(BP) andnonde-
terministicbranchingprograms(NBP) respectiely, we shav that PCRonly
incrementallyincreaseshe computationapower. However, the useof liga-
tion, introducedby Bonehetal. (1996b),resultsin a third modelwhich does
signi cantly increaséhe computationapower.

!Resultsn this sectionalsoappearedh Winfree (1996a).Thanksto SamRoweisfor stimulatingdiscussionsndto
JehoshuBruckfor pointingmeto previousliteratureon branchingprograms.
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Currentinterestin using DNA to computewas spurredby Adleman (1994), who brought
DNA-basedcomputersout of the realmof theoryandinto experimentalreality Adlemans key
insightwasto avoid trying to useeachDNA strandasabasisfor acomplex processqrandinstead
to useavastcollectionof simpleDNA stranddo collectively performa singlecomputationlIn his
solutionto the HamiltonianPath Problem(HPP),he usedstandardnolecularbiology techniques
to performtwo typesof logical manipulationof the DNA. First, he usedsequence-directgubly-
merizationof oligonucleotideso generate combinatoriaketof DNA strand$ representingaths
througha graph  with  vertices. The sequencesf the resultingstrandsencodethe vertices
visited by eachrespectie strand. Second ,Adlemanuseda seriesof PCR reactions gel elec-
trophoresisgxperimentsandaf nity separationso getrid off strandsn thecombinatorialibrary
thatsurelydidn't representhe correctanswer Pathswhich werent length wereremoved,then
pathswhich omittedvertex 1 wereremoved, andso on until pathswhich omittedvertex were
removed. TheremainingDNA representegtalid answergo the problem.

This approachwas quickly generalizedoy Lipton (1995), who notedthatit is sufcient to
alwaysstartwith themaximallydiversecombinatorialibrary representingll  binarybitstrings,
andto Iter thatsetdown to the desiredsolution. In particulay he shaved how to solve the
formulasatis ability problem(FSAT): givenaBoolearformulawith termsin variablesLipton
shaved how a seriesof afnity separatiorstepscould be performedto nd DNA which
encodewaluesto thosevariablesvhich malke theformulatrue. Because minute100  solution
cancontain strandsof DNA anda singlelaboratoryoperationprocesseall thosestrandsn
parallel,at rst glanceit appearshatfor , Size problemscanbesohedin
steps.As FSAT is amongthe hardesof the hardproblemsthis generate@xcitement.

Consideredyenerally molecularcomputationas introducedby Adleman(1994) provides a
new approacho solving combinatoriainverseproblemswherewe areinterestedn computing

where is abooleanfunctionof -bit strings . Instancesf NP-completgroblems
canbe expressedn this form; for example,in 3-SAT we askif is non-emptyfor given
asa 3-CNFexpression Adlemans techniquanvolvesusingindividual DNA strandgo represent
potentialanswerbit-strings , thenoperatingon a testtube containingall possibleanswergo
separatehosewhich satisfy from thosewhichdont. In mary instancesthe numberof sorting
operationgrequiredis a low-order polynomialin , suggestinghat — given exponentialspace
to storethe DNA — hard combinatorialproblemscan be solved ef ciently with this technique.
Becauséahe boundedesourceof spaceo storethe DNA is socritical, in this discussiorwe will
only considemsing strands.Using substantiallymoreDNA, e.g.to searclover additional
non-deterministicvariables,is consideredcheating”. In otherwords,the questionis, “Givena
x edamountof DNA, whatfunctionscanwe easilysolve?”

It wasnotimmediatelyclear however, whatclassof booleanfunctions couldbe ef ciently
inverted. In a clarifying paper Lipton (1996b)shaved thatif canberepresentedsa size
formula of AND-OR-NOT (AON) operationsthen canbeinvertedusing  molecularsteps
usingafnity puri cation only. Lipton suggestedurther that the useof PCRto duplicatethe
content®f atesttubewouldallow anevengreateiclassof functionsto beinvertedusingmolecular
computation. In this note we follow his programand characterizexactly to what extent PCR
helps,in termsof known compleity classes.

As individual stepscantake on the orderof 15 minutesto anhour, smalldifferencesn com-
plexity quickly make the differencebetweenfeasibleand infeasibleexperiments. Thusit is of

2Thetermsstrand,oligonucleotideoligo, andpolynucleotidell refersingle-strande®NA moleculesandthey are
all roughlyinterchangeablddowever, 2oligo°®meangafew® andthusrefersto shortstrandst afew tensof nucleotides.
A combinatoriaketof DNA strandds calleda combinatoriallibrary for short.
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importanceto characterizéhe compleity of thesemodelsof molecularcomputatiorascarefully
aspossible.Classesuchas“polynomial-size”aretoo roughto bereally useful— we really want
to know exactly whatpolynomialit is.

After de ning thetwo modelsof molecularcomputationyve will demonstratéheir correspon-
dencewith branchingorogramsandconcludewith a few implicationsof thecorrespondence.

2.2.1 Abstract Models of Molecular Computation

We usethe modelsdescribedn Lipton (1996b)and Adleman(1996),and usesimilar notation.
Thesemodelsassumeperfectperformancef eachoperationalthoughin practicethe molecular
biology techniquesare known to be someavhat unreliable. Initial commentson this aspectof

the models,the origin of the namegrestrictedmodelandunrestrictedmode] and otherpractical
matterscanbefoundin Adleman(1996).

TheRestrictedViodel:
A testtubeis asetof moleculef DNA encodingassignmentef valuesto variables
Eachassignmente.g., , is encodedusinga uniqueDNA sequencesufciently dissim-

ilar from encodingf otherassignmentsEachDNA strandsis simply the concatenatiomf all
assignmenéncodings\We operateon testtubesasfollows:

Sepaate[ ]. Givenatube andanindex® , producewo tubes and , Where
containsall stringswherebit is set,and containsall stringswherebit is
cleared.Tube isdestryed.

Merge. Giventubes and ,pour into therebymaking . Tube is
destrged.

Sepaate is implementedusing af nity separatiorbasedon the presenceof the appropriate
DNA sequencéAdleman1994),andthe implementatiorof meige is olvious. At the endof the
computatiofi, whenwe presumablyhave a singletesttube containingall stringsin , we
canusethefollowing operatiorto sequencéhestrings in thetesttube,asdescribedn Adleman
(1996):

Detect.Givenatube ,say'yes'if containsatleastoneDNA moleculeandsay no' if
it containsgnone.Tube is presered.

The implementatiorof detectis basedon PCR.A progran? is a sequencef operationson
labelledtesttubes.Eachstatemenis of theform:

wherethe arrov means'is to be meigedwith”. In otherwords,one separatiorandtwo meiges
occurfor every statementbut notethat or  maybe emptyprior to the meige). For clarity,

3We consideronly the casewhereonevariableat a time is tested. More sophisticatedperationsvheremultiple
DNF mintermsaretestedsimultaneously{seeBonehet al. (1996b))requiremorelengthypreparationthuswe argue
thatthesinglevariablecaseis not unreasonabléor measuringompleity.

“We do not considetherewhetherDetectcould be usedto advantagen themiddle of a computation Apparently it
canbe (Lipton 1996a).

>Theclassof programsasgivenhereis slightly differentfrom thatgivenin Adleman(1996).In particular we insist
thatalabelledtesttubeis notre-usedafterits contentshave beenused(i.e. 2destrged®). The differencesaremerelya
matterof notation,andinconsequential.



8

programscan be shavn diagrammatically(seeFigure2.1). At the beginning, all testtubesare
emptyexceptfor , whichcontainsall DNA strandsncodingall possibleinputvectors . If

atthe endof the programexecutionthereis a testtube containingexactly thosebit stringswhich
satisfy , thenwe saysaythe programhasinverted , or hassolved . The sizeof a program
is consideredo be the numberof statementghere Sepaate operations)n the program. Since
programsare consideredo be executedsequentiallythe size of a programto invert is often
referredto asthetime to solve . Thewidth of a programis the maximumnumberof testtubes
co-&isting atary giventime.

Given

To= Xtxp tx =2

Tigo

Return . Tr= f(%) Te= f0)

Figure 2.1: Implementingan arbitrary symmetricfunction in separationgsising the re-
strictedmodel. Boxesrepresenseparatiorsteps andarrovs representhetest-tubesLabels,in a
few illustrative examplesjndicatethelogical formulawhich every strandin thetesttubesatis es.

TheUnrestrictedModel:

Theunrestrictednodelallows oneadditiontype of operationrduringthe computation:
Amplify Givenatube producetwotubes and with contentsdenticalto . is
destrged.

Amplifyis implementedusingPCR.Programdor theunrestrictednodelconsistof statements
similarto thosefor therestrictedmnodel,but with the additionalform:

Herethe arrov means,‘is to be copiedinto” Unrestrictedmnodel programscanalsobe shavn
diagrammatically{seeFigure2.2).

Theunrestrictednodel,unlike therestrictedmodel,canactually“circumvent” therestriction
onusingonly strandsbecausehe numberof strandscanbe doubledwith every amplify



Tr= () TiGNORE

Figure2.2: Implementinghefunction - - = - usingthe
unrestrictednodel.

operation. We might expectthat the unrestrictednodelis signi cantly more powerful thanthe
restrictedmodel. Surprisingly even thoughwe allow the extra volume“for free”, thereis little
bene t.

TheAugmentedodel:

The augmentednodel (introducedin Bonehet al. (1996b,a))doesnot allow amplify, but
insteadt addsadifferenttypeof operatiorto therestrictednodel. Herewe make useof additional

variables which arenotassignedaluesby theinput.
Append[ ]. Givenanindex , atube whosestrandseachencodevaluesfor
variables notincluding , andavalue , modify every strandby ligating the

DNA sequencencoding

Programdfor the augmentednodel consistof statementsimilar to thosefor the restricted
model,but with theadditionalform:

Notethatappendcannotassigna valueto a variablewhich hasalreadybeenset,andsimilarly we
restrictsepanteto casesvhereon every strandthe separatiorvariablehasbeenassignedvalue.
Only programfor which this two propertiescanbe guarantee@dreconsideredalid. Augmented
modelprogramsanalsobe shavn diagrammatically{seeFigure2.3).
In theaugmentednodel,like therestrictedmodel,the numberof strandsemainsconstaniat
. Neverthelesswe will seethatthe augmentednodelis more powerful thanthe unrestricted
model,andthatthe unrestrictednodelis morepowerful thantherestrictednodel.
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T = () Te= ()

Figure2.3: An augmentedanodelprogramimplementinga functionof unknavn importance.

2.2.2 Branching Programs

Sincebranchingprogramsarenot asfamiliar a modelasformulas, nite-state automatagircuits,
Turingmachinesetc.,it is worthwhileto preseninexactde nition here.We quotefrom Wegener
(1987),p. 414:

A branchingprogram(BP) is a directedacgyclic graphconsistingof one source
(no predecessor)nnernodesof fan-out2 labelledby Booleanvariablesandsinksof
fan-outO labelledby BooleanconstantsThe computatiorstartsat the sourcewhich
is alsoaninnernode.If onereachesninnernodelabelledby , oneproceedso the
left successoif the -thinputbit equald), andoneproceedso theright successor
if equalsl. TheBP computes 6if onereachegor theinput asinklabelled

by

The size of a BP is the numberof inner nodes. Many measure®f BP have beenstudied,
especiallydepthandwidth.

We follow Razbore (1991)in de ning a nondeterministidoranchingprogram(NBP): we
additionallyincludeunlabelled‘guessingnodes”of fan-out2 whereboth branchesreallowed’.
The NBP computes if by someallowable path one reachesa sink labelled1 for all

. The size of an NBP includesthe guessingnodes. BP and NBP may be viewed
pictorially, asin Figures2.4and?2.5,in which the designationsleft” and“right” arereplacedoy
“dotted-line”and“solid-line” respectiely.

6 isthesetofall -inputboolearfunctions.

"This de®nition of NBP coincidesexactly with Meinel's 1-time-only nondeterministidoranchingprograms. His
moregenerade®nitionsseennotto beusefulin the context of molecularcomputing.
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source
x1

x2 X2
x3

x3

x4 x4

Figure2.4: ImplementingPARITY of 4 variablesusinga branchingprogramof width 2.

source
Q.

xlg
X6 X6

Figure2.5: Implementinga functionusinga nondeterministibranchingprogram. = is
palindromicexceptfor isolated(non-adjacentgrrors”.

We introduceonemoremodi cation of branchingprograms:write-oncebranchingprogams
(WOBP)arebranchingprogramswvherethe edgesmay belabelledto assignavalue (+) or (-)
to ary numberof gatevariables , andwheredecisionnodesnaybelabelledby agatevariable
insteadof an input variableif all pathsto that nodeassigna uniquevalueto the gatevariable.
Finally, we alsoconsidercircuitswhereeachgatehasarbitraryfan-outandcomputesary boolean
functionof its 2 inputs.

2.2.3 Correspondencef Models

Restrictedviodel Branding Programs
In this sectionwe shav thatthe classof functionswhich the restrictedmodelcaninvertin a
giventime areexactly thosefunctionscomputedby a branchingorogramof the samesize.
ExaminingFigures2.1and?2.4,it is clearthatnot muchneedgo be proved. The modelsare
essentiallyidentical,exceptfor interpretation Eachseparatiorstepcorrespond$o aninnernode
of theBP. A strandof DNA correspond$o aninputvectorfor theBP. In summary:

1. If restrictedmodelprogram solves in stepsthenthereisaBP  which computes
andis of size .



12

source

Figure2.7: A circuit for the XOR of 3 inputs.

2. If BP computes andis of size , thenthereis a restrictedmodelprogram  which
solves in steps.

A singlestrandof DNA will o w throughthetesttubesof arestrictednodelprogramexactly
in the orderof innernodesexecutedby the associated®P runningon anequialentinput vectof.
Sinceall possiblestrandsarerunin parallel,thosethatendupin theoutputtesttube  areexactly
theinputsthatthe BP acceptsi.e.

UnrestrictedModel Nondeterministi@randing Programs

In this sectionwe shaw thatthe classof functionswhich theunrestrictednodelcaninvertin a
giventime areexactly thosefunctionscomputedoy a nondeterministidranchingprogramof the
samesize.

ExaminingFigures2.2and 2.5,it is clearthatnot muchneedgo be proved. We additionally
associatamplify statementsvith guessingnodesin the NBP. Justto beclear we shaw:

1. If unrestrictednodelprogram solves in stepsthenthereisaNBP whichcomputes
andis of size .

2. If NBP computes andis of size , thenthereis aunrestrictednodelprogram which
solves in steps.

8Theauthoris remindedof somefriendswho neededo transfera lot of graphicsmagesfrom SanFranciscdo Los
Angeles.They consideredisingFTP over theinternet,but on secondhoughtrealizedit would befasterto putthedata
in their caranddrive, sothey did. We aredoingthe samething here:We physicallymove abunchof DNA throughthe
virtual CPU,onegateatatime + but lots of datasimultaneously
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We useessentialljthe sameargumentasabove. However now we saythatthe setof testtubes
which a DNA strandpasseshroughis the sameasthe setof nodesof the NBP which could be
activatedby theassociatethputvector Thustheoutputtesttubecontainsall strandswvhich could
cause¢heNBPto acceptj.e.

Augmentedodel Write-OnceBrandcing Programs

In this sectionwe shawv thatthe classof functionswhich theaugmenteanodelcaninvertin a
giventime areexactly thosefunctionscomputedoy a write-oncebranchingprogramof the same
size.

ExaminingFigures2.3and 2.5, it is clearthathot muchneedgo be proved. We additionally
associat@appendstatementsvith writing nodesn the WOBRP Justto beclear we state:

1. If augmentednodelprogram solves in sepaation steps,thenthereis a WOBP
which computes andis of size .

2. If WOBP computes andis of size , thenthereis aaugmentednodelprogram which
solves in sepaation steps.

We useessentiallfthesameamgumentsasabore; theoutputtesttubecontainsall strandswvhich
causeheWOBPto acceptj.e. , andadditionallyeachstrandmaintainsarecordall written

variables.
Theresultsof Bonehetal. (1996a)canbeusedo shav thatWOBPsareaspowerful ascircuits:

1. If acircuit orsize soles ,thenthereisaWOBP which computes andis of size

2. If WOBP computes andis of size , thenthereis acircuit whichsolves andis of
size .

2.2.4 Corollaries and Conclusions

We now have atheoreticahandleon preciselywhatcanandcannote computedy therestricted
andunrestrictedmodels. First, by looking at the polynomialsize compleity hierarchy we can
separatehe classe®f functionssolvableby the DNA models.

Many usefulresultsfollow immediatelyfrom theliteratureon branchingprograms Hereis a
brief sampler:

poly-sizeBP areequialentto log-spacenon-uniformTM® (Meinel 1989).
poly-sizeNBP areequialentto log-spacenon-uniformNTM (Meinel 1989).
poly-sizecircuits'® areequivalentto poly-timenon-uniformTM (Wegenerl1987).

thuspoly-sizeBP  poly-sizeNBP  poly-sizecircuits,wherethe inclusionsarebelieved
to beproper

poly-size,constant-widtlBP areequivalentto log-depthcircuits (Barrington1986;Cai and
Lipton 1989).

®(N)TM = (nondeterministicYuring machine.
01 this notewe considercircuitswheregatesarefan-in2, arbitraryfan-out,andhave arbitrarylogic.
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function PARITY | DISTINCT MAJORITY SYMMETRIC

Table2.1: Lower andupperboundson compleities underknowvn modelsfor variousfunctions.

(Razbore 1991}
— (Wegener1987Y2.

With eachof theseresultsthereis typically an efcient simulation(Pudbk 1987). Other
known linear simulationsby branchingprogramsnclude nite-state automatg(FSA) and 2-way

nite-state automatdBarrington1986).

As mentionedearlier resultson polynomialequivalenceareonly of theoreticalandnot prac-
tical relevance. We would like more exact boundson the complity of implementingspeci ¢
functions.Theliteratureon branchingprogramgyivesus somesuchbounds althoughadmittedly
the knowledgeis very incomplete.Someknown bounds? for a few functiong* aresummarized
in Table2.1.

2.2.5 Discussion

Do we gainarything by usingthe amplify operation?Theoretically yes,but very little. Contrary
to the suggestiorin Lipton (1996b),the unrestrictednodeldoesnot allow usto invert functions
de ned by circuitsin lineartime'®. Furthermorejn additionto concernsaboutthe reliability of

HC(f) is circuit size,L(f) is AON formulasize, etc. means

12Notethis constructiorfor formulasis betterthanthatgivenin Lipton (1996b)

BseeespeciallyWegener(1987): pp. 76, 85, 143,243,247,261,440; Razbore (1991): pp. 50, 51; Boppanaand
Sipsen(1990):pp. 793-797 NoteRazbore incorrectlyquoteshe BP lowerboundon MAJORITY (Babaietal. 1990).
The upperboundcomesfrom Sinhaand Thathacha1994). The upperboundon formulasfor symmetricfunctions
follows directly from the upperboundWegenergives for MAJORITY. The upperboundon circuits for DISTINCT
comesfrom a simpleapplicationof SORT, followed by adjacentomparisonsa betterboundmay be achiezable. The
upperboundon NBP for symmetricfunctionsusesa constructiorby Lupan for switching-and-recti®ecircuits (see
Razbore (1991));theconstructioralsoworksfor NBP.

¥Let  denotethelengthof and denotethe numberof 1'sin . Let S and
DISTINCT iff s.t. . MAJORITY iff — where .
PARITY iff mod . is SYMMETRICif dependnly on . The lower boundsare for

almostall symmetric .
51t appearghat Lipton realizedthis shortly after distributing his draft. He later characterizehis constructionsn
termsof contactnetworkswhich arerelatedto branchingprogramgLipton 1995).
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PCR,we shouldrealizethateachamplifyatleastdoubleghevolumeof DNA thatwe have to han-
dle. After justafew suchoperationsye could practicallybe unableto continuethe computation.
For example,if we concludefor practicalreasonshat  moleculesof DNA arethe mostwe can
handlein onetesttube,thenwe mustbe very carefulnot to exceedthis limit whenmemging the
productsof ampli cation'®. Theaugmentednodelof Bonehetal. (1996a) however, bothavoids
the dif culties of the amplify operationand achieres inversionof functionsde ned by circuits.
Anothermodelwhich achiezesinversionof functionsde ned by circuitsis the memorymodelof
Adleman(1996),which canbe implementedsia site-directednutagenesisisingthe methodsof
Beaver (1996)(who wentfurtherto shav afull Turing machinesimulation).

Becausecircuits are sucha conciserepresentatiorior most functionsof interest,the aug-
mentedmodelseemdo provide an effective way to exploit the parallelismof DNA reactiongo
solve inverseproblems.However, for functionsrepresentedy circuits of size1000,therequired
3000laboratorystepds still alot to ask,especiallysinceeachaf nity separatiormndligation step
would take at leastan hourif performedby a competentechnicianaccordingto standardproto-
cols. It is notyet clearwhatthe bestbiotechnologyis for the sepaation andappendoperations,
norwhattheirintrinsicerrorratesmustbe. Methodsto improve errorratesdueto misclassi cation
duringseparationgKarp etal. 1996;Roweisetal. in pressyequiremultiplicative increasedn the
numberof steps becauseachseparatioris repeatecenoughtimesto male classi cationerrors
rare.

2.3 Methodsfor DNA Computation

Abstract!’ This sectionintroducesa morenovel brandof DNA-basedcom-
puting whereinthe problemto be solved is encodedentirelyin the DNA se-
guencesised,anda x edsequencef experimentss performed We focuson
the experimentaltechniqueof whiplashPCR asintroducedin Hagiyaet al.
(in press)for DNA computationjn combinationwith combinatorialassem-
bly PCRto generatestructurediibraries. We introducea model of compu-
tation basedon this techniquebasedon GOTO graphs in which a number
of NP-completeproblemscanbe solved in biostepsjncludingbranch-
ing programsatis ability, the independensetproblem,andthe Hamiltonian
pathproblem.In addition,we proposea simpleextensionof the experimental
techniquethatallows singleDNA strandg€o simulatethe executionof a feed-
forwardcircuit, giving riseto a solutionto thecircuit satis ability problemin
biosteps.

In aningeniouspapey Hagiyaet al. (in press)introducean experimentatechniquethey call
polymerizationstopandtheoreticallyshav how by thermalcycling, individual DNA molecules
cancomputethe outputof Boolean -formulas(and-ornot formulasin which every variableis

180Onasimilarnote eventherestrictednodelcansolve  computedy Meinel'smoregeneraNBP model,simply by
using timesmoreDNA volumewhenthereare non-deterministiwariables.This allows computatiorasef®cient
ascircuits,but at the costof ridiculousamountsof DNA.

"Resultsin this sectionalsoappearin Winfree (in pressb). Thanksto MasanoriArita, Daisule Kiga, Kensaku
SakamotoShigeyuki Yokoyama,andMasamiHagiyafor discussionsf theirwork; andto Len Adlemanfor suggesting
theHPPexampleandthe name*whiplashPCR®
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referencedat mostonce). BecauseeachDNA moleculerepetitizely forms hairpinssothatit can
sene simultaneoushasboth “primer” and“template”for a stoppedoolymeraseeaction,Adle-

manhasdubbeahis experimentatechniquevhiplashPCR Hagiyaetal. (in press)describenow

whiplashPCRcanbeusedto solve theproblemof learning -formulasgivenpositive andnegative

data,andmorerecentlySakamotaetal. (in press) hasshavn how otherNP-completgroblems
canbesolvedwith whiplashPCRL,

Themotivationfor whiplashPCRbeginswith theinterpretatiorof DNA polymerasesanen-
zymatic Turing Machineimplementingthe simply COPY operation.Bennett(1982)goesfarther
andimaginegdesigningasetof enzymego simulatetheoperatiorof anarbitraryTuring Machine,
but theseideaswereneverimplementedecausef the dif culty of designingenzymesde novo.
But is the existing polymeraseenzyme$ computationatapabilitylimited to just copying? Re-
cently Leeteetal. (in press)realizedthatthe hybridizationof primersin the polymerasechain
reaction(PCR) providesinformation-basea@ontrol over the COPY operation,andthat complex
computationgsuchasthe symbolicexpansionof determinantsganbe carriedoutin DNA using
a seriesof PCRreactions However, thisis avery laborintensve seriesof laboratoryprocedures,
andit hasnot yet beenattemptedexperimentally Hagiyaet al. (in press)addstwo key insights:
(1) thatpolymerasecopying actiity (which wasinitiated by the primersequenceganbe corve-
niently terminatedoy a “stop sequencein thetemplateDNA; and(2) thatif the endof aDNA
strandsenesasthesamestrands primer, thenanindividual DNA moleculecanbeaself-contained
computationalnit. It wasshavn how in a singlereaction,eachDNA strandcanindependently
computetheresultof a -formula,andhow the problemof learning -formulasfrom  positve
andnegative examplescanbesolvedin in biosteps(We usetheterm“biostep”to referto a
singlelaboratoryprocedureMany chemicalreactionstepscantake placeduringa singlebiostep;
in whiplashPCR,themary chemicalreactionsaaresequencetly thermalcycling.)

The DNA usedin whiplashPCR hasthe form -stop -new -old - -stop -new -old -
head .Whenthe end(head)oftheDNA strandannealdo a DNA sequenceld , polymerase
copiesthe sequenceew , andthe polymerasés stoppedanddissociatesiponencounteringhe
sequencestop (for example,becauséehe stopsequencés andthe polymeraseéuffer con-
tainsonly and ). Theheadof the DNA now containsa new sequence.Upon the next
thermalcycle, the headcanannealto a differentold location,and copy the correspondingnew
sequenceWe will referto thebasicDNA unit -stop-new-old- asaframeandusethenotation
(newold). In generalpoldfacewill beusedwhenreferringto DNA sequencesyhile italics will
be usedwhenreferringto logical variables.

We describeby examplethe methodgivenin Hagiyaetal. (in press)oy whicha smgIeDNA

strandcomputesa -formulasduring whiplashPCR.Considerthe -formula
— . This canbe translatedo the decisionprocessshavn in Figure2.8, whereinvariable

is checled rst; if it is false(written False,0, or ) thenvariable is checled,etc. Decision
processesf this form areknown asbrancing programs-?; they have alreadyarisenin the study
of DNA computingobasednaf nity separatiorfWinfree1996a).Herewe have therestrictionthat
eachvariablebe accesse@t mostonce;we call these -branchingprograms. -branchingpro-
gramscanrepresenimorefunctionsthan -formulas;in the absencef thisrestriction,branching
programsareprovably moreconcisethanformulag®.

Bsakamoteet al. (in press) usethe term successivéocalizedpolymerizatiorto allow for the possibility of inter-
moleculareactionsaswell asintramoleculareactions.

Also known asbinary decisiondiagrams

20For example thebestknown procedurdor ®ndingand-ornot formulasimplementingsymmetricfunctionsresults
in formulasof size , whereadranchingprogramsf size —— canbeachieved.
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Figure2.8: (a) A branchingorogramfor computinghe -formula - . A possible
input would be , Which leadsto output . The computation

follows a paththroughthediagram andthuscanonly acceswvariablesn the orderprescribed(b)
A branchingorogramwhich doesnot correspondo a -formula.

Thetranslatiorof an -variable -branchingprograminto DNA makesuseof the DNA
sequences . Eachedgein thediagram,saythe edgefrom
node tonode , isthencorvertedintoaDNA frame , whichmaybereadas“if isFalse,

check next” A recursveformulais givenin Hagiyaetal. (in pressthatconvertsary -formula
directly into a sequenc®f DNA frames,the program frames To tell the DNA the valuesof the

input variables we useadditionalframesof the form , readas“ hasthevalueTrue;”

thesearethe dataframes The dataframesandthe programframesareconcatenateihto a single
strandof DNA, with aninitial headsequenceomplementaryo . Figure2.9givesafull set
of framesusedto implement andshavs how the computatiorproceedgluringwhiplashPCR:

the headinitially annealdo the dataregion to readthevalueof ;in the next thermalcycle, the

headannealgo the framerepresentinghe appropriateedgeout of nodel in the programregion,

to determinewhich variablemustbe checled next; in the next cycle, theheadannealsagainto the

dataregion,andsoor?!. Because¢heheadmightannealo its previouslocation(in which casethe

polymerasés immediatelydislodgedy thestop sequencandnothinghappens)hecomputation
proceedstapproximatelyl logical steppertwo thermogcles. In this fashion every DNA strand
computesn parallel,eachcontainingits own dataandits own program.

In the inductive inferenceproblemdiscussedn Hagiyaet al. (in press),one startswith a
combinatoriallibrary of DNA representingll -formulasof a given size. In eachiteration, a
positive or negative input exampleis evaluatedoy eachDNA strand:DNA representingheinput
is ligatedto all remainingDNA strandswhich arethenevaluatedn parallelusingwhiplashPCR.
ThoseDNA strandsomputingthe correctoutputvalueareretainedandthe progranregionis cut
from the dataand headregionsin preparatiorfor the next roundof theiteration. After all input

2Therestrictionthat eachvariablebe usedat mostoncearisesbecausehe value of the variableitself, encodedn
DNA as , is usedto keeptrackof wherethe computatioris in the decisiondiagram;if thereweretwo nodeswhich
checkvariable , thenthe computationcould returnto the wrong placein the diagrambecauseherewould be two
framesmatching
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data program

(X4+ x4) (x2+ x2) (x3- x3) (x1+ x1) (out- x3+) (X2 x3-) (out+ x4+) (out- x4-) (x4 x2+) (out+ x2-) (X2 x1+) (x37xl-) x1

| | | | | | | | | | | | [
\ [ [ [ [ [ [ [ I I I I .
(x1+ x1)

(x2 x1+)

(x2+ x2) Step 3

(x4 x2+) Step 4

(x4+ x4) Step 5

(out+ x4+) Step 6

Figure2.9: Probablesecondanstructuresduring the computatiorof the -formula
— ontheinput . “Probable”is in themind of theartist. Notethatthetick marksdenote
the stop sequencebecauseéhe headsequenceavill never containthe complemento the stop
sequencethiswill bethesiteof asmallbulgein regionsthatareshavn asdouble-stranded.

exampleshave beenprocessedhe only DNA programghatremainrepresent -formulaswhich
agreewith all examplesandtheinductie inferenceproblemhasbeensolvedin biosteps.

By startingwith a combinatorialibrary of DNA representingossibleénputs,Sakamotcetal.
(in press) describenow whiplashPCRcanalsobeusedto solve otherNP-completgroblemsjn-
cluding conjunctve-normal-formsatis ability (CNF-SAT), Vertex Cover, Direct SumCover, and
HamiltonianPath. In thenext two sectionswe developsimilarresultsfor generaformulasatis a-
bility (FSAT), branchingorogramsatis ability (BP-SAT), Independen$et,andHamiltonianPath.
We suggestheassemblygraphformalismfor theassemblyPCRtechniqueandthe GOTO graph
formalismfor describingcomputationgpossibleby performingassembifPCRandwhiplashPCR
followedby asingleaf nity separation.

2.3.1 Solving FSAT in biosteps

Even thougha single strandof DNA canonly computethe resultof a -formula, it is possible
to solve the formula satis ability problemin biosteps— without the restrictionthat each
variablecanoccurat mostonce.
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ConsidertheBooleanformula - - It is afunctionof variables,
andit accesseeneof themmorethanonce;thusit is nota -formula. However, if we introduce
the new variables , thenthe samefunctionis computedby the -formula

with theadditionalconstrainthat

In generaljf is aBooleanformulain variablesin which variable is accessed times,
thenwe canconstructa -formula in variables,which computeghe identical
functionfor inputwhichis appropriatelyconstrainedSpeci cally, for each , werequire

We can usethe biochemistryof whiplashPCRto computethe -formula, and usethe bio-
chemistryof hybridizationto generatea combinatoriallibrary of DNA representingll possible
inputswhich obey the equalityconstraintsFollowing Adleman(1994),the combinatorialibrary
consistof DNA representingathsthrougha graph.We usebipartiteassembhgraphs in which
nodesareeitherblackor white andarelabelledby distinctsinglesymbols,anddirectededgesare
labelledby symbolstrings(possiblylengthzero)whosesymbolsare disjoint from thoseusedat
nodes.Eachsymbolrepresents uniqguesequencef DNA. An oligo is generatedor eachedge
in thegraph,usingthe sequencefor the symbolsof the origin node the edge andthedestination
node:sincethegraphis bipartite,edgesareeitherfrom white nodego blacknodegin which case
“sense”oligos are synthesized)or from black nodesto white nodes(in which casethe Watson-
Crick complementaryanti-sense’bligosaresynthesized)Theseoligosmaybemixedin asingle
testtubeandfull-length productmay be generatedisingassemblfPCR2? (Stemmetet al. 1995).
This reactioncreatedong “repetitve” DNA, which may thenbe cut at a restrictionsite to yield
de ned-lengthproduct,andthenmadesingle-strandedFor eachpaththroughthe graph,the se-
guenceof nodeandedgesymbolson that pathwill be generatedn DNA by assemblyPCR;the
complementar{dNA will alsobegeneratetf. Figure2.10givesanassemblygraphfor generating
all DNA representingnputswhere

2 LENN-EEE S

Figure2.10: An assemblygraphfor generatingnputto theformula - .Upto

oligosarerequired,andadditionalsymbols areused.For corveniencethenode is
written twice. Sincetherewill bearestrictionsitein | thisresultseffectively in pathsfrom the
leftmostnodeto therightmost.

Thus,for ary -formula , we cangeneratea combinatorialibrary of DNA representingll

22This techniqueis preferredover annealingand ligation dueto its improved yield and accurag; it wasusedin
Ouyangetal. (1997)to createafull library of 6-bitinputs.Notethatif theoligosaresimply annealedtherearegapsin
thedouble-strande®NA; thesegapsare®lled in by the polymerasaluringassemblyPCR.If, asin Adleman(1994),
ligationratherthanassemblyPCRis preferredthenadditionaloligos mustbe generate@omplementaryo theframes
onthe2anti-sensestrands Of coursefor eitherligation or assemblyPCRto be effective, carefuldesignof theoligos
is required;see for exampleDeatonetal. (in press).

2To be assembledby ligation, no gapsmay be presentin the the 2Bsensestrand;thereforeall 2anti-sense@dges
mustbe labelledby the emptystring, or additionaloligos complementaryo the single-strandeéanti-sensefegions
mustbe synthesized A generalassemblygraphcanbe easilytransformednto one suitablefor ligation by eitherof
thesetwo modi®cations.
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possibleinputs satisfyingthe equality constraints . After assemblyof the
input DNA, DNA representing canbe ligatedto the endof all input DNA, the whiplashPCR
reactionperformed,and DNA whose endis extracted. This DNA containsthe input
which satis estheoriginal formula . We have solved FSAT in biostepgqgrantingthatthe

numberof thermogclesnecessarilwill scalewith the sizeof theformula). The exactprocedure
describedbore canalsobe usedfor the slightly moredif cult BP-SAT problem.

2.3.2 Combinatorial Setsof GOTO Programs

We would now like to generalizahe techniquesisedto solve FSAT. To solve FSAT, a sequence
of threelaboratoryproceduresvas emplo/ed: combinatorialgenerationof DNA by assembly
PCR,evaluationof -formulasby whiplashPCR,and selectionof DNA evaluatingto True by
afnity separationHerewe introducea new formalismto describethe computationsvhich can
be performedn this mannerithis formalismsuggestseveral optimizationsandnew applications
of whiplashPCR.

Our interestcomesfrom the following simple obseration: On a given strandof properly
constructedNA, whiplashPCR can be consideredas executinga BASIC programconsisting
entirely of GOTO statementse.g. the DNA frame canbethoughtof as“Line : GOTO
line ", orjust . Thespecial‘line numbers”are : and

. Thesequentiabrderin whichthe GOTO statementappearsloesnotmatter
but no line numbermay appeatron the left handsidetwice. By usingcombinatoriakynthesigo
createa hugenumberof different programs,and extracting the acceptingones,we areableto
solve someinterestingmathematicaproblems We de ne acombinatoriaketof GOTO programs
usinga bipartite assemblygraphwhereedgesare labelled (possiblywith repetition)by GOTO
statementandnodesarelabelled(uniquely)from . We will insistthatall pathsgeneratevalid
GOTO programsjn which no line numberappeardwice on the left handsideé’*. This implies,
amongotherthings,thatthegraphhasno cycles.

Thus,we considetthefollowing question:Givenagraphasde ned above, is therea paththat
generatest GOTO programthatreaches whenstartedatline ? Call thisthe GOTO
graphsatisfactionproblem or GG-SAT. GG-SAT thusformalizeswhatcanbecomputedn
biostepsby applyingassemblyPCRfollowed by whiplashPCRandaf nity separation.

As anexample,we will reduceBP-SAT to GG-SAT. Threeresourcaneasuresf importance
arethe numberof pathsthroughthe graph(correspondingo the numberof DNA strandsgener
ated);the maximallengthof the GOTO programghusgeneratedcorrespondingo the lengthof
the DNA strands);andthe size,in numberof edgesof the GOTO graph(correspondindo the
numberof DNA oligosthat mustbe synthesized) Then,asshavn in Figure2.11(a), -variable

-nodeBP-SAT canbesolvwedby creating programsof length , usinga GOTO graph
of size . linesof theprogramare x ed;theother linesaregeneratedh independent
blocksof lines,with two possibilitiesfor each.

This notationmalesit olviousthatthe x ed portion of a GOTO graphis redundantwe can
reduceeachgraphto a smalleroneby following all the GOTOsin the x edportion. Theexample
in Figure2.11(a)reducedo just 3 nodesasshawvn in Figure2.11(b). Thuswe gettheimproved
theoremthat -variable -nodeBP-SAT canbe solved by creating  programsof length
usingaGOTO graphof size . The linesaregeneratedh independenblocksof  lines,with
two possibilitiesfor each. Becausehis decreaseboth the length of the DNA andthe number

2DNA programsin which a line number appearsmore than once on the left hand side would execute
probabilistically.
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Figure 2.11: ReducingBP-SAT to GG-SA!: the example. (a) The direct
construction,combiningthe assemblygraphfrom Figure 2.10 andthe -formula programfor

- . (b) Theoptimizedconstructiorobtainedby following GOTO statements
in the x edregion of (a). All GOTO programsareof length5.

of cyclesto completethe programthis constructiorcould be importantfor experimentssolving
BP-SAT. It would beinterestingto nd generalpolynomial-timealgorithmsfor “optimizing” or
“compressing’arbitrary GOTO graphs,jn the sensehatthe new graphsolvesthe sameproblem
but containsfewer pathsand/orshorterprograms.

/
/

Figure2.12: A GOTO graphfor solving the IndependenetProblem. Inputsare generatedn
which exactly out of variableshave valuel. Theedgelabels“0” and“1” in column

areshorthandor GOTO statementsettingthevalueof variable ; asin FSAT, variableswhich
arereferencednorethanoncein the formulamustbe duplicated andthe correspondingdgesn
thegraphwill belabelledwith morethanone GOTO statementNotethatconcentratiomatiosof
theoligoscouldbeadjustedo male all pathsequallylikely (for ligation-basegssemblyat least;
it is notsoclearfor assemblyPCR).

However, we are still failing to fully exploit the expressie power of the graph; so far we
have consideredonly essentiallylinear graphs. In the contet of circuit satis ability, Boneh
et al. (1996a)commentedhat providing a regular languageasinput to the circuit, ratherthan
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just , could for someproblemsboth reducethe size of the circuit and decreaséhe vol-
ume of DNA neededo solwe the problem,andthatthe desired -bit input canbe provided by
assemblinddNA pathsthroughagraphof size  , where isthesizeof a nite statemachine
recognizingthe regular language. The samecommentholdstrue for BP-SAT. A simple exam-
ple follows from the ideasin Bachet al. (1996): the polynomialtime 2SAT problembecomes
NP-completewhengiven the restrictionthat satisfyingsolutionsmusthave exactly ones. An
instances theIndependen$etProblem which asks givenanundirectedgraphandaninteger
is therea subsebf verticeswhich have no edgesamongthemseles? The 2-CNFformulawe
will usefor this problemis

wherethe graphhasedges and indicatesmembershipn theindependenset.
Theformulasimply checksthatno two choserverticeshave anedgebetweerthem. To solve the
problem,we askfor a solutionto this formulain which exactly variablesare . Thisis donein
DNA by generatingnly inputswith  variablesset. A GOTO graphfor this problemis shavn in
Figure2.12;variablesusedmorethanoncemustbeduplicatedandthe x edGOTO statementi
the“programregion” canbeeliminatedjustasin the BP-SAT optimization.

Figure2.13: Solvingthe HamiltonianPathProblem:A graph (a) andits correspondingsOTO

graph  (b). Thisis Adlemans examplewith 2 additionaledgesaddedo preventpruningfrom

simplifying the GOTO graphto triviality. For conveniencethe nodesshav only the vertex index
, andnotthefull symbol

As a nal example,we considerthe HamiltonianPath Problem(HPP) solved in Adleman
(1994). Our procedurebggins by corverting (in polynomialtime) the original graph  into a

GOTOgraph . Suppose has vertices;then will have  vertices,arrangedn layers,
suchthatif thereis anedge in , thenin the GOTO graph,for each thereis
anedge , labelled (with ). Sincewe areonly interested

in pathsfrom vertex 1 to vertex , we prunethe new graphto includeonly verticeswhich may
be reachedrom andwhich mayreach ; this dynamicprogrammingproblemtakestime
onanelectroniccomputerWenowv havetheGOTO graph  , asshawvn in Figure2.13.If

has edgesthen requiredessthan  oligos.

Every paththrough representsilength paththrough from vertex 1 to vertex . A
Hamiltonianpathwill contain,in someorder theframes



23

andthusthe GOTO program asexecutedoy whiplashPCR,will proceedo . All other
pathswill duplicatesomeframe andlack another— theseGOTO programswill terminateand
never reach . Consequentlyextractionof DNA containingthe sequence
will identify the Hamiltonianpath,andwe have solvedHPPin steps.

2.3.3 Single-StrandComputation of BooleanCir cuits

UsingwhiplashPCRin themanneisuggesteth Hagiyaetal. (in press)whereexactly onesymbol
is copiedin eachpolymerizatiorstopstep,giveseachstrandexactly the computationapower of a
GOTO programandno more.However, whiplashPCRmay give eachstrandmorecomputational
power, if copying morethanonesymbolis experimentallyfeasible. Theideais this: whenthe
headof the DNA strandis beingextended it might not only changethe “state” of the headbut
alsoaddanew “program”frame.

Supposdor the momentthatthe variables areencodedy usingA, T, andC,
andthatthenew gatevariables areencodedy usingexclusively and . and
arerespectiely usedfor representinghe stop sequencandits complementThe polymerization
buffer still includes , ,and , butnot . Therestrictedalphabetusedfor the gatesymbols
malesdesigningDNA sequencea moredif cult task®, but it is necessaryor the construction
we give belov becausenow a gatesymbolcanbe copiedby polymerasdwice during whiplash
PCR.

In our original discussionof branchingprograms,a edgefrom the nodereading to
the nodereading  would be encodedby the frame . During biochemicalexecution
with whiplashPCR, a transitionthroughthis edgewould entail hairpin formationwith binding
to and polymeraseaxtensioncopying , asshavn in Figure 2.14(a). Our new proposal
involvescopying morethan  duringthe polymerasextensiontherebymemaorizinganinterme-
diateresultof the computation.In Figure2.14(b)we shav the executionof anenhancedrame

. Here,theoriginal DNA encodedor the “anti-sense’of a valid frame,
andthusthe frameis inactive, or hidden The two hiddenframespresenthereareintendedto
assigrnvaluesto new variables and , but thatassignmenwvill not becomeeffective while the
frameis still hidden.However, if theenhancedrameis executedthehiddenframesarecopiedas
“senseframesontothegrowving endof theDNA, thusactivatingthehiddenframesfor potential
futureuse.The nal  sequencef the DNA will still be , whichwill determingheimmediate
courseof thecomputatiorasusual.

At subsequenpointsin the evaluation,referencecanbe madeto look for thevaluesof — or

. Thesevalueswill befoundby theheadhybridizingto the newly activatedframesandcopying
to the stopsequence- only now the headwill notbe hybridizingto the “input” partof the
DNA, but to partof thegrowing “headhistory” itself.

Whatis the useof activating hiddenframes?The possibility of memorizingintermediatae-
sultsgivesriseto amodelof computatiorthatwe call write-oncebrancing programs(WOBPY®.
Eachnodestill hastwo outgoingedgespnelabeled andtheother ; however, edgesnaynow
alsohave theadditionallabels , whichindicatethatthevariable isto beassignedhevalue

An expandeddNA alphabetmakinguseof arti®cial basepairswhich areboth highly speci®candcanbeincorpo-
ratedby DNA polymerasewouldallow greater exibility in sequenceesign;jndeed Sakamotcetal. (in press reports
preliminarystudiesof usingiso- andiso- (Switzeretal. 1993)in whiplashPCR.If this chemistryis successfulthe
variables and couldbeencodedusing , , ,and ;thestopsequenceouldbeiso- -iso- -iso- andits
complementso- -iso- -iso- ; andthepolymerizatiorbuffer couldcontain , , , ,andiso- .

%This modelcanalsobe usedto describeDNA computationperformedby a sequencef af®nity separationsind
ligations,asin Bonehetal. (1996a).
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Figure 2.14: (a) The polymerizationstop stepon a standardframe, wherea single symbolis
copied,andits representatioasanedgein aBP. (b) Thepolymerizatiorstopstepon anenhanced
frame,wheretwo hiddenframesaremadeactive, andits representatioasanedgein aWOBP,

or . ForimplementatiorusingwhiplashPCR,arestrictionis imposed:again,a givenvariable
maybereadat mostonce, andnodesmaybelabeledto readary inputvariable orary gatevari-
able , solongasall pathsto a given nodehave assignedxactly onevalueto the gatevariable
beingread’. We call theserestrictedorograms -WOBP.
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Figure2.15:(a) Inputvariableswith multiple fan-outarehandledby readingthemonce ,andwrit-

ing multiple distinctgatevariablesvhichmaysubsequentipereadonceeach.(b) Thetranslation
of a gatewith fan-out2 into a write-oncebranchingprogramrequirestwo decisionnodes(only

oneof which is guaranteedo be used). Two new gatevariablesarewritten. To translatean en-
tire circuit, rst theinputvariablesandthenthe gateswould be processedh linear orderin the
branchingprogram.Clearly muchmoreef cient translationgarepossible for example gateswith

fan-outl neednotbememorized.

-WOBP areatleastasconciseascircuits’®; acircuitwith  inputsaccesseth total times,
and gateswith totalgatefan-out canbeimplementedna -WOBPusingnomorethan
nodesand gatevariables®. The simple constructionusesthe building blocks shavn in

ZIpgain, we have a probabilisticmodelif this restrictionis violated.

2The corverseis alsotrue: a circuit canbe constructedn which (usually)two gatesareusedfor eachedgein the
WOBP1o testif the edgewastraversedduring computation.Thusa circuit with gatescanbe constructedrom a
WOBPwith  nodes.

ZJust nodesand gatevariablesarerequiredif we allow preparingheinputwith duplicatedvariables asin the
FSAT construction.
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Figure2.15. First, eachinput variable is readandduplicatedinto  new variables,so every
subsequentadusesa uniquevariable. Then,eachcircuit gateis processecth turn, andits output
is storedin a new gatevariable (or variables,if the gate hasfanoutgreaterthan unity). The
translationof asmallcircuitis shavn in Figure2.16. Thus,we cantheoreticallysolve the circuit-
SAT problemin “one pot” usingwhiplashPCR.

In the caseshawn in Figure2.16,a muchsmaller -WOBP (essentiallya BP) exists which
computeghe samefunction, pointing out that our constructionof a -WOBP from a circuit is
notthemaostef cient constructiorpossible However, for moredif cult problemsgircuitscanbe
muchmoreef cient thanbranchingorogram&’. This meanghata x edsize CSAT problemmay
be moredif cult thana BP-SATI problemof the samesize.

Oneseriousconcernis thatthe problemof secondarystructureinterferingwith the progress
of the computatioris madeworse. First, “inopportune”hybridizationnow involvesmuchlonger
subsequencesesultingin mary thermogclesin which no progresss made. Secondly newly
activatedframesarelocatedn the“headhistory” regionof the DNA, whichis likely to beinvolved
in secondargtructure Experimentainvestigatioris requiredio seehow serioughe problemswill
be.

2.3.4 Conclusionsand Futur e Dir ections

Like otherforms of DNA computationjt seemghatwhiplashPCRcant by itself competewith

electroniccircuits unlesstherearesigni cant advancesn the control of the biochemistry How-

ever, thecomputationapower of whiplashPCR—in theory— suggestshat“one-pot”biochemical
reactionshave more potentialfor computationthan previously thought. Concevably, whiplash
PCRcouldbe combinedwith otherkindsof DNA processing- eitherstepwiseor within the“one

pot” biochemicaleaction.For example we canconsidemodi cationsof whiplashPCRwherein
DNA strandsnot only grow thoughpolymerization put alsoshrink dueto otherenzymeactiity

(e.g. restrictionendonucleasesr topoisomerases)An opentheoreticalquestionis how to use
non-determinisnduringwhiplashPCR:we have alreadydiscussedhe casewherethe solutionto

a problemis foundby rst usingnondeterminististepsin the generatiorof the DNA, andthen
usingdeterministicstepsduring the executionof the program,but whiplashPCR could equally
well be usedto performnondeterminististepsby having multiple framesmatchingthe current
headstate.

%0As a simpleexample,an arbitrarysymmetricfunction canbe implementedn a circuit of size , but the best
constructiorfor branchingprogramgequires —— nodes.
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the -WOBPgeneratedby our construction(c) amuchsimpler -WOBPgeneratedby hand.
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Chapter 3 Modelsof Computation by Self-Assembly

3.1 2D Self-Assemblyfor Computation

Abstract® This sectioninformally exploresthe power of annealingandlig-
ation for DNA computation.(The following two sectionswill explorethese
notionsmoreformally.) The rst stepof Adlemans molecularsolutionto the
HamiltonianPath Probleminvolvesthe creationof a combinatorialibrary of
DNA by meansof directedself-assemblyfollowed by ligation. Experimen-
tally, DNA annealingcanproducemary unusualstructuresn additionto the
usualB-form doublehelix, so we wonderif they canbe usedto adwantage
for computation.We conclude,in fact, thatannealingandligation aloneare
theoreticallycapableof universalcomputation.

WhenAdlemanintroducedheparadignof usingDNA to solve combinatoriaproblemsAdle-
man(1994),hiscomputationatcheménvolvedtwo distinctstagesTo solwe thedirectedHamilto-
nianpathproblem,he rst mixedtogetheiin atesttubea carefullydesignedetof DNA oligonu-
cleotide“building blocks”, which annealto eachotherandareligatedto createlong strandsof
DNA representingpathsthroughthe given graph. After this ligation stage thereensue steps
of af nity puri cation, wherebyexactly the strandsepresentingdamiltonianpathsareseparated
into atesttube(“the answer”).

Lipton (1995)subsequentlye ned the formalismfor DNA-basedcomputationHe did awvay
with Adlemans rst stage ligation, andreplacedt by startingall computationsith a x ed set
of DNA strandgsepresentingll -bit strings. Lipton expandedn Adlemans secondstage sep-
aration,wherehe shaved how all solutionsto a givenbooleanformula canbe separatedéhto a
testtube(“the answer”).Thecostfor the generalityof this method evenwhenusingtheimprove-
mentsof Bonehetal. (1996a),s indicatedby consideringsolvingthe Hamiltonianpathproblem:
a straightforvard method takesabout  separatiorstepsusingLipton's approachcomparedo
the stepsusedby Adleman.

We canconcludefrom this circumstantiakvidencethat muchof the physicalcomputational
power Adlemanwas exploiting wasin his rst stage,whereannealingand ligation were used.
Lipton hasexploredthe power of generalizingAdlemans secondstage;we would like now to

!Resultsin this sectionalsoappeatin Winfree (1996b). Thanksto Paul W. K. Rothemundor the discussionst
the Red Door Cafethatleadto this work, andto NadrianC. Seemarfor suggestinghe useof the double-crosseer
molecule.

2Let the graphhave verticesand edges; . The bestbooleancircuit | could devise uses
gatesto verify a Hamiltonianpath. Anotherissueis that Adlemans ligation stagerequiresthe synthesisof about
oligonucleotideswhichis if ; wheread.ipton needonly about oligonucleotides

to createhis standardnitial testtube of DNA. However, technologyis becomingreadily available for synthesizing

mary oligonucleotidesn parallelvery quickly (seee.g. CheterinandKramer(1994));thesamecannotbesaidfor the

af®nity puri®cationstepswhichwill likely remainexpensve. Comparingvolumefor a graphwith edgesout of

eachvertex, Adlemans methodusesvolumeroughly proportionalto — , while Lipton's methodusesa volume of
, sinceit takes inputvariablebits to specifya potentialpath.
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explorethe power of generalizingAdlemans rst stage.

An immediatestumblingblock is thatthe chemistryof annealings not fully understood At
bestwe cantry to de ne someconditionsunderwhich the reactionsare predictable or at least
underwhichit is reasonabléo expectthatthereactionscouldbe madeto be predictable.

3.1.1 SomeBasicAnnealing Reactions

Thefundamentathemistryof DNA is basecnthedoublehelix andthe principleof complemen-
tarity. Eachstrandof DNA is a covalentlylinked polymer whereeachunit consistof a constant
part (the sugarphosphatébackbone”)andone of eitheradenine thymine, cytosine,or guanine
(thebasesA, T, C, G). Eachstrandis oriented;it hasa 3' anda 5' end. WhenDNA forms a
double-strandetielix, the strandsmustbe anti-parallel,andcomplementarpasesalign (A with
T, C with G); suchstrandsarecalledWatson-CrickcomplementargequencedDNA alsotakeson
morecomplicateccon gurations,includingtriple helix, quadhelix, supefrcoiled,andbranched.

A surprisingnumberof possibilitiesare available, someof which one may want, andmary
of which onemay not want. DNA is a particularlyeasymoleculeto work with, becausét has
evolvedto bestable typically unreactie, yet manipulable RNA andprotein,which have evolved
to sene mary enzymaticfunctions,arefar morereactve, andthusit is lesseasyto predicthow
novel designswill behae in anexperiment.

I will nov commenton somereactionsve maywish to exploit, presentedn cartoonfashion
(Figure3.1). | will have to be moredetailedwith thereactionsnvolvedin the mainthrustof this
papeywheretheir computation-uwiersalty is demonstrated.

(A) Thisis the canonicalannealingreactionfor DNA. Two strandswith complementangub-
sequencewvill form hydrogenbondsand hybridize at the matchingbasepairs. The rate
constantdor this reactionwhich is reversible,dependon the temperatur@ndsaltconcen-
trations,amongotherthings. The melting temperatureabose which the comple is not
stable dependsiponthe numberof matchingbasepairs.

(B) A specialcaseof theabore, wherethematchedegion occursattheends.Notethatthetwo
“sticky ends”(unmatchedequencesgreavailablefor furtherreactionswith moreDNA.

(C) Theabore reactioncanbe usedto join two double-strande®NA moleculeswith comple-
mentarysticky ends. If ligaseis presentin the solution,the nicksin the backboneof the
productwill berepairedby the formationof a covalentbond,resultingin two continuous
strands.

(D) If mismatchesccur ank ed by matchingregions,theunmatchedNA canbubbleout.

(E) As abore, exceptthat the mismatchoccurshereon both sides. Whetherthis structureis
stabledepend<ritically onthetemperatur@andconcentratiorof salts.For example,arule
of thumbis thatthedifferencan meltingtemperaturéetweera perfectlymatchedstructure
andanimperfectlymatchedstructureis 1 degreeper 1% mismatch(Wetmur1991).

(F) This is the simplestDNA branchedunction. The assemblyof thesestructuresconsists
of courseof sequentiakteps;only the end productis shavn. This 3-armedjunction is
probably oppy. However, how oppy it is dependsiponthe exactsequencef basepairs
in theoligonucleotides.
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(G) This 4-armedjunction is commonlyknown as a Holliday junction. The two horizontal
strandgendnotto beparallel,but skew. If thesequencealongbothstrandsarehomologous,
thena phenomenotalledbranchmigrationcanoccur in which the crosseer point drifts
right or left.

(H) Thisis the mostcomplicatedstructurewe will consider We will putit to gooduselater It
hasbeenfoundto befairly rigid andplanar(Fu and Seemari993). Note the sticky ends.
Otherrelateddouble-crosseer junctionsarepossible dependinguponthe numberof half-
turnspresentn thehelicalregions. Seemarallsthismoleculeé'DAE” for double-crosseer,
antiparallehelical strandsgven numberof half-turnsbetweercrosseers.“DAO”, with an
oddnumberof half-turnsbetweerthe crosseers,hasaninterestingopologicaldifference:
It consistf only 4 strands.

(A)

Figure 3.1: Somebasictypesof annealingreaction. Curves represensingle strandsof DNA
oligonucleotide. The half arrov-headrepresentshe 3' end of the strand. Smalllines between
strandsrepresentiydrogenbondsjoining the strands. The helical structureof the DNA is not
representedisually. Letterssignify sequencenotifs. A barabove a letter signi es the Watson-
Crick complemenbf the motif.
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All of the structuresabove have beenmadein the lab andtheir structuresveri ed (see,for
example,FuandSeemar{1993)).

We would ultimately like a theorywhich could tell us, given a setof oligos, a temperature,
andsaltconcentrationsyhatstablestructuresill form, aswell asthekinetics.But thisis avery
comple task!

3.1.2 OperationsUsingLinear DNA

We will rst briey considemnwhatcomputationsanbe performedusingannealingandligation
of strictly linear DNA molecules Marny of the possibilitieshave alreadybeendiscussedby other
authors. For example,the techniquesisedby Adleman(1994)allow for the constructionof all
DNA representingtringsacceptedy a nite-state automatgalsoknown asaregularlanguage),
usingthe annealingeactiongB) and(C) above. Thisis important,becausét allows usto create
awell-de ned, somavhatinterestingsetof inputson whichto computen parallel.Beaver (1996)
hasdiscussedow, in conjunctionwith polymerasereactiongD) and (E) canbe usedto make
copiesof DNA with contet-sensitve insertion,deletion,andreplacemenof substrings.In light
of thesepowerful operationsjt seemsplausiblethata “one-pot” linear DNA reactioncould be
designedvhich performsuniversalcomputation.

3.1.3 Operations Using Branched DNA

Therearemary possibilitiesfor computationusingbrancheddNA. However, sincethe general
chemistryis notwell understoodwe will try to avoid ungroundedpeculatiorby focusingonone
concretepossibility Therestof thissectiorf will concentrat®n how to assembla large“weave”

of branchedNA which simulateghe operationof a one-dimensionatellularautomaton.

Background: Blocked Cellular Automata

This sectiondevelopsa formal modelof computationcalled blocked cellular automatgBCA)*.
We will latershav how BCA canbe simulatedoy DNA.

The operationof a BCA is diagrammedn Figure 3.2. As in the Turing Machine model,
informationis storedin anin nite one-dimensionaipe,whereeachcell containsoneof a nite
setof symbols.Thecomputatiorproceedsn stepswherein eachsteptheentiretapeis translated,
accordingto a given rule table,into a new tape. The translationoccurslocally andin parallel;
pairsof two cells areread,andwhich two symbolsarewritten is governedby look-upin a rule
table. It is of critical importancethatthe readingframe(which cellsare pairedtogether)strictly
alternategrom stepto step.

The setof entries is calledtherule table,or the program,of the BCA. By
appropriatelydesigningthe rule table,the BCA canbe madeto performusefulcomputation.in
fact,BCA arecomputationallyuniversal.A BCA with symbolscansimulatein lineartime
theoperatiorof aTuringMachinewith tapesymbolsand headstates-theproofis analogouso
thatin LindgrenandNordahl(1990). Thuswe canconcludethata BCA canbeusedio answetary

3Theinspirationfor this approacttomesrom the proof of theundecidabilityof the Tiling Problem(seeGrinbaum
andShepharq1986),Chapterll).

“BCA (Wolfram 1994)arealsoknawn aspartitioning CA (Margolus1984)andas2-bodyCA or particlemachines.
They generalizeghelatticegasmodel(Hardyetal. 1976),andarecommonlystudiedin two dimensions.

°If thetablecontainamultiple entriesfor a given pair of readsymbols thenthe BCA is saidto be nondeterministic.
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Figure3.2: Operationof a BCA. Thetapeof a BCA, dividedinto cells,is shavn at the bottom
right. Eachcell containsone of threesymbols: blank, black dot, or white dot. The tapesat
successk time stepsarestacled vertically above theinitial tape. Theinset,left, detailstheform
of aruletableentry which governshow new tapesarecreated.

guestiorwhich canbe phrasedn termsof a computerprogram.SmallBCA have beendesigned
which sortlists of integers,computeprimes,andmary othertasks.

A few morecommentsrein orderconcerningheabstractnodelof blockedcellularautomata.
First we considerthe nite-size case. In ary attemptedmplementationof a BCA, we cannot
actuallyconstrucianin nite tape.Thusboundaryconditionsbecomamportant.We considerthe
following cases:

(a) No updateof boundaries.We startwith a nite tapeof length ; at eachstepthe tape
become cellsshorter;andafter stepshecomputatiorcanproceecho further This case
is notuniversal.

(b) Inactive boundaryconditions.Wheneer thereis anunpairedcell at eitherendof thetape,
it is copiedverbatimonto the new tape. The taperemainsalwaysthe samesize( cells),
andthusthereareonly  possibletapes.As the computatiommustbegin to cycle after
stepsthis caseis alsonot universal.

(c) Periodicinitial conditions.On eithersideof the input cells we specifya repeatingpattern
of symbols. Startingwith just one copy of the periodicblock on eitherside of the input,
computationproceedsasin (a), but if the tapegetstoo short,we addanothercopy of the
periodicblock to eithersideof theinput tapeandstartthe computatioranev®. This caseis
universal.

(d) Self-rggulatedboundaryconditions.Dependinguponwhatsymbolis in theboundarycell,
the new tapewill eithershrink (asin (a)) or expandby appendinga new cell to the endof
thetape.This cases alsouniversal.

Finally, aword on how ananswelis obtainedfrom the BCA. This is a matterof corvention.
Typically, whenthe computationis done,the answeris written on the nal tape. But how is it
known whenthe computatioris done?Onepossibilityis thatthetapestopschangingthe system
hasreachedh x ed-point.Howeverin this papemwewill considetthata computatioris donewhen
a specialsymbol, calledthe halting symbo| hasbeenwritten for the rst time anywhereon the
tape.

6By memorizingboundarycells,we canavoid re-computingary cellsandmake the computatiormoreef®cient.
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Simulation of BCA by DNA

We will nov shav how to useDNA to constructa BCA. In this sectionwe will optimistically
shav whatchemicalreactionsve hopewill occur;in thefollowing sectionwe considemotential
dif culties in nding conditionssuchthatthey will in factoccuraswe have described.

The DNA representationf the BCA tapeis a little countefintuitive, sowe will explain by
example. Figure 3.3 shaws part of the DNA moleculeencodingthe initial tape(the input to the
computation).To eachtapesymbolcorresponda shortoligonucleotidesequenceyhich appears
in theinitial moleculeasasticky endoverhangn theappropriatgositions.Therestof theDNA in
eachsegmentdoesnotvary with contentandis choserto maximizestructuralstability Notethat
thereadingframeis implicit in the structuraform of the DNA. AlthoughFigure3.3is schematic,
the 2D pictureis meantto imply thatthewhole DNA comple is roughly planar Thisis critical,
andluckily, it is physicallyplausible.

BCA:

DNA:

SOC___SOcC SO

Figure3.3: Encodingtheinitial tapein aDNA molecule.Thesequencef sticky endsin theinitial
moleculeencodeghe initial tapeof the BCA. Thus A" denotesa symbolin the BCA diagram,
whereasn theDNA diagramit denotegheuniquesequencef basesassociateavith thatsymbol.

Therearea variety of waysto male the initial molecule. Note thatthe initial moleculecan
be thoughtof as consistingof several doublecrosseer junctions(from Figure 3.1H, with the
modi cation thatthetop andbottomstrandsaremadeto beanoddnumberof half-turnsin length
— seeFigure3.6 for detail) linked togetherby piecesof linearhelical DNA. The sticky endscan
bedesignedsuchthatonly this uniqguemoleculewill self-assemble Ligasecanbeaddedo male
thesggmentsof theinitial moleculecovalentlybonded.

Wewill now explainhow theprogramthatis theruletable,of theBCA isrepresenteth DNA.
For eachrule, e.g. , we createa doublecross@er moleculewhosesticky endson
onehelix are~ and—, andontheotherhelix and 2 (seeFigure3.6). All suchrulemoleculesare
addedo thesolutioncontainingtheinitial molecule.As shawvn in Figure3.4,whatis requiredfor
computationis thatrule moleculeswill anneainto positionif andonly if bothsticky endsmatch.

Eventually a triangularlattice of linked DNA will form, simulatinga triangularregion of a
BCA correspondingo boundaryconditions(a) or (c) in Section3.1.3 above (seeFigure 3.5).
Boundaryconditions(b) and(d) canbe simulatedby usingspecialrule moleculedor the edgeof
thelattice;the detailsarenot presentedhere.Notethateachlevel of thelattice hasa singlestrand

"It is easyto seethatsticky endsequencesanbechosenusingthe sametechniquessAdleman(seeSection3.1.2),
suchthata periodicinitial moleculewill form, creatingperiodicinitial conditionsas mentionedn Section3.1.3(c)
above. Similarly, aregularlanguageof inputscouldbe madein parallel.

8Thelengthsof all partsof the rule moleculesarechoserto be constanfor simplicity, but it is concevablethatby
usingvariablelengthaswell assequencéo encodesymbols greaterspeci®citycouldbe achieved.
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Figure 3.4: Rule table moleculesassembleinto the lattice. We seefree- oating rule table
moleculesabore andtheinitial moleculeatthebottom(bothcorrespondo theBCA in Figure3.2).
A ruletablemolecule with sticky ends and , is aboutto anneato theinitial molecule At the
left, arule moleculewhichmatcheonly at — will ultimatelynotstick. Notethattherule molecule

with sticky ends and  will alsonot stick, becauséhe orientationof its strandss wrong; this
rule moleculewill beusefulon alternatdevelsof thelattice.

of DNA which travels the entirelengthof the lattice at thatlevel, andwherethe codedsymbols
occurin thesequencén in whichthey occurin theBCA attime .

Level 2

Level 1

<::i> <;;<"'“"“‘*’ Level 0

Figure3.5: TheDNA latticeresultingfrom a nite initial molecule.At thechoserannealingem-
peraturewhichis abose the meltingtemperaturdor base-paiannealingout belov the melting
temperaturdor  base-paiannealingno morerule moleculesanstablyattachto this structure.
However, if the bottomlevel (the initial molecule)were extended,thena larger triangle could
form. isthelengthof thesticky endsin therule molecules.

Finally we ask,how canwe accesghe outputof the computation?This breaksdown into two
guestionsHow dowe know whenthecomputatioris done?And whatis onthetapeatthatpoint?
Therearemary possibleapproacheto take; herewewill merelysketchone.As mentionedabove,
wewill considethecomputatiorto bedonewhena speciahaltingsymbolis written onthetapé.
In DNA, this correspondto the specialsticky endmotif beingincorporatednto thelattice. When
this occurs themotif will bepresentisa double-strandetholeculefor the rst time, andthis site

®At this point other partsof the tapewill typically 2not know® that the computationis done, so the lattice will
continueto grow. However, it is alsopossibleto designthe cellularautomatorsuchthatall cellsgointo a specialstate
to haltcomputatiorat the sametime (the Firing SquadProblem,seee.g. Yunes(1994)),therebyallowing usto design
linear piecesof DNA which ®t into the gapsat the ®nal level of the lattice, sothatit cannotgrow further This may
male extractionof the ®nal tapecon®guratioreasier
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canbe be chosenasthe recognitiondomainfor a binding proteirt®, which could, for example,
subsequentlgatalyzea phosphorescemeaction turningthe solutionblue. To determinewvhatis
“on thetape”atthis point, it is necessaryo extractthesinglestrandof DNA correspondingo the
nal level of theBCA. To dothis, rst addligaseto covalentlybondall theannealegements?.
Thenaddresohaseto breakall the crosseer junctions?. Finally, heatto separat¢hestrandsand
useafnity puri cation to extractthe strandcontainingthe halting motif. Amplify andsequence
thatstrandhowever you desire(e.g. via PCRandstandardequencingels).
To summarizeéhe modelsuggestetiere,a computatiorwould proceedasfollows.

1. First, expressyour problemvia computerprogram. Convert that programinto a (possibly
nondeterministichlocked cellularautomaton.

2. Createsmall molecules(H-shapedand linear) which self-assembldo createthe initial
molecule(or initial molecules,f searchover a FSA-generatedetof stringsis desired).
Add ligaseto strengtherthemolecule.

3. CreatesmallH-shapednoleculesncodingherule tablefor your program.

4. Mix themoleculescreatedn steps2 and 3 togetherin a testtube,andkeepunderprecise
conditions(temperaturesaltconcentrationsasthe DNA latticecrystallizes.

5. Whenthe solutionturns blue, ligate, cut the crosseers, and extract the strandwith the
haltingsymbol.

6. Sequencéheanswer

Analysisand Estimates.Will it work?

Let'sbeagin theanalysisoptimistically Theabove constructioris justoneimplementatiorpossible
in a generaklassthatmight be called“crystal computation®3. In this classwe designa system
wherewe cantailor-make the enegy (andhencefree enegy) asa function of the con guration.
We designit suchthatthe lowestenegy state(or in our case the lowestfree-enggy stateat a
given temperaturelniquely representshe answerto our computation. This is closelyrelated
to the approachtaken by Hop eld (1982)in his seminalwork on neuralnetworks. In our case
thelowestenegy con gurationis onewhereevery rule moleculehasall four sticky endsbound.
Given the presencenf the initial molecule,this canonly occurif the computationproceedsas
desired.

Theabove analysiss a simpli cation thatfails to take into consideratiomary aspect®of the
proposedmplementationFor example,it completelyignoresthe dynamicsnvolved; onesimply
annealsat a slov enoughschedulethe agumentgoes,andthe crystalis the result. Whereasn

1%The proteinmusthave anactive boundform, andinactive unboundform. Furthermorewe mustbe sureit doesnt
bind to rule moleculesn the solution.

it is avalid concerrthatligasemaynotbeableto bind to any but theoutermosstrandsn alattice. It maybebetter
to reversethe orderof theligaseandresohasesteps.

12plthough a resohasehasbeenshawn to cut crosseersin double-crosseer molecules(Fu et al. 1994),it is un-
known whetherthe enzymewill befunctionalontheinnerstranddn thelattice. However, the enzymemaybeableto,
atdiminishedspeedwork from theedgesn.

B3It hasbeensuggestedhatwe shouldnt usethetermacrystal®becausét hasa well-de®nedspecialmeaning.At
best,our constructionyield 2pseudo-crystalsBecausery usefulcomputatioris aperiodic.We beg thereadetto give
usslackin usingthisterm.
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factthecrystallizationproceedsttheedgeonly, accordingo kineticsthatsigni cantly in uence
theresult.

Canatemperaturde found suchthattwo sticky endsboundis stable,while onesticky end
boundis unstable?In otherwords,let , ,and be the melting temperaturegor a rule
molecule tting into alattice slot whererespectiely 0, 1, and2 of the sticky endpairingsmatch.
We want to keepthe testtube at a temperature suchthat . This should
be possible but how large is the differencebetween and ? Althoughthis is unknavn for
the particularmoleculeswe use,we cangetsomeideaby looking at what's knowvn aboutlinear
DNA annealing. For example,understandardconditions20 base-paiwligonucleotidegrepre-
sentingrule moleculeswith two length10 sticky endsbound)melt at C, while 14 base-pair
oligonucleotidegrepresentingule moleculeswith only onelength10 sticky endbound,andthe
other matchingpartially) melt at C (Wetmur1991). C would thendiscriminate
the two cases. However, the analogyof rule moleculeswith two separateébinding domainsto
variable-lengttoligonucleotidesvith continuousbindingdomainsgs questionable.

A de nitive answerto “But will it work?” requiresa chemists knovledgeandactualexperi-
ments.But we canimmediatelybring somemoreconcerndo light. Sincel do nothave answers
to them,l will merelymentionthemin passingFirst, to readout ananswerf morethanonebit,
ourimplementatiommrequiredigating the rule moleculesandcuttingthemwith resohase.lt is not
at all clearthat,in the crovdedcon nes of the DNA lattice, eitherligaseor resohasewill have
roomenoughto performits job'*. Secondit is possiblethat,ata low rate,incorrectruleswill be
incorporatednto the lattice. If this occurs,the computationis ruined. It is thusnot clearat this
timewhatyieldsof correctcomputatiorareto beexpectedandwhetherameansouldbedevised
to separatehe goodfrom the bad. It is additionallyconcevablethatstablestructuregorm in the
solutionunconnectedo the initial molecule. For example,four rules moleculescould connect
in a stable“diamond”; we might think thatthesecompleeswill only rarely beformed,because
theintermediatestepsareunstablgonly onesticky endjoins molecules)andfor similarreasons
they would grow slowly. However, they andothertypesof spuriousconnectionsndtanglescould
form, ruining the computation.A nal concernis thattheremay be somesystematianolecular
stressor strainthat comesinto play whenbuilding a large crystal,andthatbeyond a certainsize
tearingwouldresult. All theseissuesandsurelyothers,desere moreattentionandstudy

If for themomentwe supposehattheimplementatioroperatesorrectly let usconsidemwhat
adwantagewould bederived. Take thefollowing with a bucket of salt: First,asmallrule molecule
(seeFigure3.6for aclose-uponsistof 50base-pairef DNA, sufcient for sticky endsof length
5, which givesus symbols®. That's 33K Dalton/ rule molecule with a sizeprobablyless
than20x 44 x 85 Angstromsfor 3 bits/ rule molecule.

Assessingpeeds evenmorespeculatie. Supposeave performacomputatiorof a -cell
BCA with inactive boundaryconditions,and computefor time steps. Supposeét takes 1
secondor aruleto t in whenits slotis exposed .Sincethe slotsaresimultaneouslgxposed,
all shouldbe lled in approximatelyl secondnaverage.Thisleadsto aroughestimateof 3 hours
for computingthe celllattice. Using1lkgof DNA, wecouldassemble  rulemolecules,

YIf thereis an anglebetweenthe planeof the lattice anda rule moleculewhich hasjust ®t in place,thenin our
constructionan oppositeangleis formedwhena rule molecule®ts into the subsequentyer Consequentlythe 2D
lattice, ratherthanbeing perfectlyplanar folds backandforth like a paperfan, which we call a 2corrugatedfattice.
The corrugatedattice exposesmore of the doublehelix strandsin eachrule molecule,possiblymaking the strands
moreaccessible¢o ligasebut makingthe crosseerslessaccessibléo resohase.

5We optimisticallyrequireonly 2 mismatchebetweersequencegepresentingliffering symbols.We alsorequire
thecomplemenbf asymbols sequenceoesnotcodefor asymbol,andthatevery codesequencéas3 C-G bondsand
2 A-T bonds for moreconsistentneltingtemperatures.
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Figure 3.6: Detail of a small rule molecule. This is the smallestDAE/even style rule molecule
possible.lt hassticky endsof length5, andinternalregion of length10. Every basepairis shavn.

thatis, suchcalculationsn parallel. Thatleadsto a total of operationger second®.
Thereis no lab work to be doneduring this the major stagein the computation.Of coursetime
would alsoberequiredin theinputandoutputstages.

Open Questions,Extensions,and Other Speculation.

In additionto the essentiabuestionof whetherthe ideasabose canbe madeto work in the lab,
therearemary otherissuegdo beinvestigated.

How enemgy-ef cient is crystal computation? It is interestingto note that what might be
calledthecomputatiorproper(crystallizingthe DNA lattice)theoreticallyrequiresarbitrarily little
enegy, aswill bearguedin thefollowing sections Of courseagreatdealof enegy maybeusedo
heatthemixtureup, to pulsethetemperaturéo dissole defectspr to applyothererrorcorrecting
mechanisms.Furthermorethe input and output stagesrequire synthesisand analysisof DNA
moleculesandthusalsomuchenegy. Our proposalis possiblythe mostnearlyimplementable
exampleof the principlethatcomputatioris free, but input andoutputarecostly (Bennett1973).

Why usethe DAE structure for rule molecules?Clearly the particularchoiceof molecule
is not of intrinsic importanceto the ideaof this construction.The logical essencés to have an
“H"-shapedmoleculewith four designablesticky ends.At its simplestonecouldimaginemaking
the“H” out of two chemicallycross-linked strandsof DNA (Figure3.7a). Anotheralternatve is
theslightly largersinglecrosseer Holliday junction. However, it is importantfor theconstruction
of thelatticethatthe two linearpiecesin the“H” be planar;Holliday junctionshave beenshavn
to prefera ( e xible) skew angle(Eis andMillar 1993). The chemicallylinked strandsmag-
ined abore have not yet beencharacterized The reasonwe proposethe large doublecrosseer
molecule$’ is thatthey have alreadybeencharacterizedn the lab and are thoughtto be rigid

T his compare$o 300 GFLOPS( basicoperationgersecondpttainabléy the bestmodernsupercomput-
ers,e.g. a7000processointel Paragon Of coursetheoperationstve compareareapplesandoranges.

"Ned Seemansuggestedve considerdouble crosseer moleculesas an improvementover the more avkward
branchedunctionconstructionsve wereoriginally considering.
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Figure 3.7: Alternative Topologiesfor 2D Lattice. (a) Rule moleculesbasedon cross-linled
DNA. (b) DAE rule moleculeswith an odd numberof half-turnsbetweenunctionson adjacent

molecules(c) DAE rule moleculeswith even-lengthspacing.(d) DAO rule moleculeswith odd-
lengthspacing.(e) DAO rule moleculeswith even-lengthspacing.
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(which may help preventtangledlattices)and planar(Fu and Seemari993). We choseDAE in
preferenceo othertopologicalvariantsof doublecrosseer moleculessuchasDAO, becausé¢he
topology of the rule moleculeleadsto a different“weave” of DNA strandsin the lattice (Fig-
ure 3.7bcde).We preferto have a single strandwhich, if covalentlylinked, runsalongan entire
level of thelattice,thusencodinghe BCA statefor thattime step.

Why a 1D BCA? Why not build a 3D lattice to simulate a 2D BCA? We startedwith 1D
BCA becausehey canbeimmediatelyexploredusedexisting DNA technology Two dimensions
offers several advantageshowever, sucheasierdesignof ef cient computations.Perhapsnore
importantly in higherdimensionst becomesasierto designerrortolerantrules(GacsandReif
1988); intuitively, point defectsin 2D canbe lled-in from adjacentcorrectly-computedells,
while in 1D a point defectseverscommunicatiorbetweertheleft andright side. Openquestion:
Can the DNA rule moleculesbe modi ed so as to build 3D DNA lattices? Speculatiely, one
could proposea variantof the doublecrosseer Holliday junction, the “multiple stranddouble
crosseer junction” (Figure3.8), asa meango implementthe read-4 write-4 operationrequired
by 2D blocked cellularautomata(seee.g Toffoli andMargolus(1987),Ch. 12). Unfortunately
the proposeduilding-blockmoleculehasnot yet beensynthesized.

f2(A,B,C,D)

Figure3.8: A possible3D lattice of DNA for simulating2D BCA. Four DNA doublehelicesmay
be boundtogethelby crossweer junctions(left). Sticky endsdetermine2D BCA rulesastherule
moleculesassemblén analternatve cubiclattice (right).

Potential usesin nanotechnology Herewe have suggestednapproactio molecularcompu-
tationvia programmablself-assemblyProgrammablself-assemblynayhave otherapplications.
Openquestion:Can cellular automatageneated latticesbe usedto de ne ultra-high resolution
electonic circuits? Onepossibility alongthelinesinvestigatedy RobinsorandSeemar{1987),
wouldbeto conjugatenano-wireontoindividual rulemoleculessuchthatwhentherule molecules
t togetheranelectricalcircuitis formed. This proposaliffersfrom RobinsorandSeemars sug-
gestionin thatwhereaghey envisioneda periodiclattice of identicalmemorycells, we suggest
thatcellularautomataulescouldbe usedto build morecomplicatectircuits, eitherin 2D or 3D.

Why useDNA at all? Theprincipleof computingvia crystallizationis notrestrictedto DNA.
Openquestiod®: Cannon-DNA-basedmoleculescould be usedto designdesied computations
carried outon the surfaceof a growingcrystal?

Bsyugestedby StuartKaufman,privatecommunication.
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3.1.4 Comparisonwith Other Approaches

Perhapghe mostpracticalsuggestiorfor universalcomputatiorvia DNA is thatof Bonehet al.
(1996a).Their approachmakesstraightforvard useof well understoodaboratorytechniquedor
manipulatingdNA. They areableto simulatenondeterministiboolearcircuits,whichseemsery
efcient for somecalculationsandwhich givesthemuniversalcomputationahbility. Because
circuitsallow non-localinteractionsf variable circuits canbe very compactHowever, it should
be pointedout thatthe computatiorrequiresa lab technicianto sequenc®perationon multiple
testtubes;thelogic of the programbeing computeds externalto the DNA, which is usedasa
memory Smallscalecomputationsould be immediatelyattemptedwith reasonablehancefor
successhowever dueto the weaknes®f single-strande@®NA and otherfactors,it is not clear
how thisapproactwill scale.

Otherauthorshave proposedNA implementationsf Turing Machineddirectly (e.g. Beaver
(1996), Smith (1996), Rothemund1996)). The approachesary from usingPCRto relying on
restrictionenzymesTheseapproacheshav promise althoughthereliability andef ciency of the
stepsis unclear Furthermoresingle-tapesingle-headruring Machinesareparticularlycumber
somelogically; circuitswill typically computethe samefunctionin mary fewer stepgandsingle
stepstake comparabldime in both systems- onthe orderof hours!). In short,althoughthey are
of theoreticalinterest,it is unlikely thatanyonewill actuallygo into thelab andsolve problems
thisway.

Our hypotheticalcellular automatorimplementatiordiffers in a numberof ways: First and
foremost,our proposals a “one-pot” reaction.Dumpin therule moleculesencodingyour prob-
lem, andall the logic of the computationis carriedout autonomouslyNo lab work is involved.
Furthermorejn additionto runninga massie numberof computationsn parallel,eachcellular
automatorperformsits own computatiorin parallel— thusfully exploiting the parallelismavail-
able. Themajorandsigni cant dravbackof our proposals thatit makesuseof chemistrywhich
is not yet fully understoodandthusgoinginto thelab to do a computatiorthis way would be a
realtechnicalchallenge.

Themainconclusiorof this papelis thatannealingandligationalonemaybesufcient for uni-
versal“one-pot” DNA computation Whetherthe particularschemeervisionedherecanbe made
to work in thelab is a matterfor furtherresearchln ary caseit is clearthatbetterexperimental
characterizatiomf the chemistryof annealings required,andmay openup new possibilitiesfor
DNA basedcomputation.

3.2 Graph-Theoretic Models of DNA Self-Assembly

Abstract®® In this paperwe examinethe computationatapabilitiesnherent
in the hybridizationof DNA molecules. First we considertheoreticalmod-
els, and shav that the self-assemblyof oligonucleotidesnto linear duplex
DNA canonly generatesetsof sequencesquialentto regularlanguagesl!f
branchedNA is usedfor self-assemblyf dendrimerstructurespnly setsof
sequencesquialentto contet-free languagesanbe achieved. In contrast,
the self-assemblpf doublecrosseer moleculesnto two dimensionakheets

1%Resultsin this sectionalsoappeain Winfreeetal. (in press) Thanksto Dan Abrahams-Gessébr suggestinghe
contet-freegrammarresult.
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or threedimensionakolidsis theoreticallycapableof universalcomputation.
The proof relieson a very direct simulationof a universalclassof cellular
automata.

A fundamentapropertyof DNA is that,undertheright conditions Watson-Crickcomplemen-
tary regionsof single-strande®NA will hybridizeandform adoublehelicalstructure This prop-
erty, in vitro andin vivo, canleadDNA to assumea remarkablediversity of geometricforms?°.
Undercertainsimplifying conditions,the behaior of hybridizationis sufciently predictableto
be consideredasa computationaprimitive; i.e., a function from initial oligonucleotidego nal
supramoleculastructuresis computed. The computationalspectsof self-assemblywere ex-
ploited for the rst time in Adleman(1994), wherelinear self-assemblyvas usedas a stepin
solvingthe HamiltonianPath Problem Whenthe self-assemblpf tree-like structuresakesplace,
dueto the presencef branchedunctions,a slightly more powerful comp